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ABSTRACT. Let g be a complex semisimple Lie algebra, 7 a point in the upper
half-plane, and h € C a deformation parameter such that the image of / in the
elliptic curve C/(Z+ 7Z) is of infinite order. In this paper, we give an intrinsic
definition of the category of finite-dimensional representations of the elliptic
quantum group & -(g) associated to g. The definition is given in terms of
Drinfeld half-currents and extends that given by Enriquez—Felder for g = slo
[14]. When g = sl,, it reproduces Felder’s RLL definition [23] via the Gauf}
decomposition obtained in [14] for n = 2 and [28] for n > 3. We classify the
irreducible representations of &, - (g) in terms of elliptic Drinfeld polynomials,
in close analogy to the case of the Yangian Y (g) and quantum loop algebra
Uq(Lg) of g. An important ingredient in the classification, which circumvents
the fact that & ,(g) does not appear to admit Verma modules, is a functor
from finite-dimensional representations of Uq(Lg) to those of & -(g), which
is an elliptic analogue of the monodromy functor constructed in [30]. Our
classification is new even for g = slo, and holds more generally when g is a
symmetrisable Kac-Moody algebra, provided finite-dimensionality is replaced
by an integrability and category O condition.
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1. INTRODUCTION

1.1. Let g be a finite-dimensional simple Lie algebra over C. The aim of this pa-
per is to define and study the category of finite—dimensional representations of the
elliptic quantum group associated to g. The results of this paper hold more gen-
erally for any symmetrisable Kac—-Moody algebra, provided finite-dimensionality
is replaced by an integrability and category O condition, and the main body of
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the paper deals with this generality. To simplify the exposition, we restrict our
attention to g of finite type in the introduction.

1.2. Since Baxter’s solution of the eight—vertex model [3, 4], and Felder’s intro-
duction of the dynamical Yang-Baxter equations [23], there have been numerous
proposals to define elliptic quantum groups (see Section 1.10 below for a more
detailed history of the subject). One of the contributions of this paper is such a
definition which is intrinsic, uniform for all Lie types, and valid for numerical values
of the deformation and elliptic parameters.

We fix throughout a complex number 7 in the upper half plane H, and a deforma-
tion parameter /i € C such that the image of 7 in the elliptic curve E, = C/(Z+7Z)
is of infinite order. Let h C g be a fixed Cartan subalgebra, and I the set of vertices
of the Dynkin diagram of g relative to a choice of simple roots in h*. In Section
2, we define the category Rep,,(En-(g)) of finite-dimensional representations of
the elliptic quantum group associated to g. An object of this category is a finite—
dimensional semisimple h—module V, together with a collection of meromorphic,
End(V)-valued functions {®;(u, ), X5 (u, A) }ie1 of a spectral variable u € C and
dynamical parameter A € h*

This data is subject to certain periodicity conditions and prescribed commutation
relations, which are elliptic analogues of the relations satisfied by the half-currents
in Drinfeld’s new realization of Yangians and quantum loop algebras. Our definition
extends that given by Enriquez—Felder for g = sly [14] and, for g = sl,,, reproduces
Felder’s RLL category [23] via the Gaufl decomposition obtained in [14] for n = 2,
and in [28] for n > 3.

1.3.  We restrict our attention to the full subcategory Ly -(g) C Rep(En,~(g)) con-
sisting of those objects for which the endomorphisms ®;(u, \) are independent of
the dynamical parameter A\. The main result (Theorem 9.1) of this paper is a
classification of the irreducible objects in Ly -(g) in terms of elliptic analogues of
Drinfeld polynomials. Let for this purpose

SE, = |J Er/6,
n>0
be the union of the symmetric powers of the elliptic curve E.. A point in SE,; may
be thought of as encoding the zeros of an elliptic polynomial.

Theorem. The set of isomorphism classes of irreducible objects in Ly +(g) is in
bijection with |I| copies of SE;

Irr(Ln-(g)) — SE; x -+ x SE; (1.1)

—_—————
I

1.4. Theorem 1.3 is formally analogous to the classification of finite-dimensional
irreducible representations of Yangians and quantum loop algebra by Drinfeld poly-
nomials [9, 13]. Namely, given an I-tuple b; = {bgj)}ﬁ-v:"l € CNi/By,, i € 1, there
is an irreducible object V(b) in the category Ly -(g), which contains a non-zero
vector {2 such that

o X[ (u,\)Q=0foranyi €I, uecCand\E€bh*.

1A closely related decomposition, valid when both /& and 7 are formal parameters, was recently
obtained by Konno [36].
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e For any 7 € I,

Ni (4)
0(u — bZ + dzh
D, (u)Qd = I I (—(J))Q (1.2)
j=1 Olu—=1b")

where 6(z) is the odd theta function (see Section 2.2) and {d;} are the
symmetrising integers for the Cartan matrix of g.
e V is spanned by vectors obtained by successively applying the lowering
operators X; (u, A) to €.
Moreover, shifting a point bgg ) by an element of lattice A, = Z 4 77 yields an
isomorphic representation, and this condition is necessary and sufficient for two
irreducible objects V(b) and V(c) to be isomorphic.

1.5.  The proof of Theorem 1.3 can be broken down into the following steps

1. A triangularity result (Theorem 3.8), according to which an irreducible
object V € Ly, -(g) contains a (unique up to scalar) non—zero weight vec-
tor 0 which is annihilated by the raising operators, is an eigenvector for
{®;(u)}ic1, and is such that V is spanned by successively applying lowering
operators to €.

2. Theorem 4.1 states that the eigenvalues of {®;(u)} on Q are of the form
(1.2).

These two steps give rise to a well-defined classifying map (1.1). For Yangians
and quantum loop algebras, the injectivity of the analogous map is proved using
Verma modules. For elliptic quantum groups, Verma modules do not seem to exist,
however. We circumvent this obstacle as follows.

3. Let Uy(Lg) be the quantum loop algebra of g, where ¢ = e™" . In Section
6, we extend the construction of [29, 30] to the elliptic setting, and obtain
a monodromy functor

© : Rep,, (U,(Lg)) — Rep,,(En.-(9))

whose image lies in Ly, -(g). We further prove that © is essentially surjec-
tive, and maps irreducibles to irreducibles (Theorem 8.6). These results
allow us to rely on the classification of finite—dimensional irreducible rep-
resentations of Uy(Lg) [13, 9], and prove that the map (1.1) is in fact a
bijection (Theorem 9.1). We sketch the construction of the functor © be-
low.

1.6. Let Rep,,(U,(Lg)) be the category of finite-dimensional representations of the
quantum loop algebra U,(Lg). By using half-currents, an object of Rep,,(U,(Lg))
may be viewed as a finite-dimensional vector space V, together with a collection of
rational, End(V)-valued functions {W¥;(2), X (2)}icr of a complex variable z, which
are regular at z = 0, 0o and satisfy certain commutation relations (see Section 5.2).

Let V € Rep,,(Uy(Lg)). The action of the elliptic quantum group on ©(V) =V
is obtained as follows.?

2Strictly speaking, the functor © is only defined on a dense subcategory of Repy,; (Uq(Lg)), but
we will gloss over this point in the introduction.
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e Set p = e?™7, so that |p| < 1. Let K; = ¥;(c0) = ¥;(0)~1 € GL(V), and

define
GE(2) = [ KE'wi(p*n2)
n>1
The GL(V)-valued function G (z) and G; (z) are meromorphic on C*,
holomorphic in a neighbourhood of z = 0, co respectively, and such that
GF(0) =1 = Gy (c0). By construction, G (z) are the canonical funda-
mental solutions near z = 0, co of the p—difference equations
GF(p2) = [KiWi(p2)] ' G (=) Gi(p2) = [K;'W4(2)] G (2)

determined by the commuting field ¥,(z) of U,(Lg).

e The action of the commuting field ®;(u) of & ,(g) on ©(V) is given by

D, (u) = G;'(z)\lfi(z)G-_(z)’z:ez,m (1.3)

3

By construction, ®;(u) is a doubly quasi—periodic function of u, that is
satifies

D;(u+1)=d;(u) and ;(u+7) = K;20;(u)
and is the monodromy of the p-difference equation defined by ¥;(z).
e The raising and lowering operators act on ©(V) by

_ o+ (O) 9(’& —v+ )\1) T T
X?WJ)_9+MmLA¢9w—UWO0Gf@2 ) X (e277) dv

where 67 (z) = [],,5, (1-p"e*™"*) and A; = (X, ;). The choice of contours
Cii is explained in Section 6.2.

Theorem. The above contruction gives rise to an exvact, faithful functor
© : Rep,,(Uq(Lg)) — Ln.+(g) C Rep, (En.+(g))

1.7.  We now state a number of additional properties of the functor ©, which mirror
those of the functor constructed in [30] and are used in the proof of Theorem 1.3.
The action of © on highest weights is easily determined. Let V € Rep,,(U,(Lg))
be irreducible, with Drinfeld polynomials {P;(w)}ie1
N; .
Pi(w) = [T (w—5)

k=1

where ﬁ,(:) € C* foreachi € Tand 1 < k < N,. Thus, if Q € V is the (unique up
to scaling) highest—weight vector, we have

N; VR fl (7')
%(Z)Q:ng

where ¢; = ¢q%. By (1.3), and Jacobi’s triple product identity
0 (u) sin(mu)f~ (u)

6+ (0)2
where 0% (u) = [1.5:(1~ pretImnu) e get

O(u) =

O(u— b\ + d;h)
®;(u) Q= [[
1;[ 6(u—by)
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where bl(f) € C are such that e2miby) — ﬁ](:). Thus, © maps the roots of Drinfeld
polynomials for U,(Lg) to their image in E.

1.8.  Choose now a subset S C C which is a fundamental domain for the action of
A, =7+ 7Z on C, and is stable under shifts by Z%. Define the full subcategories

Rep}, (Ug(Lg)) C Rep, (Ug(Lg))  and L3 (9) C Ln-(g)

as follows. Rep®,(U,(Lg)) consists of those representations V for which the poles of
{Wi(2)*'} lie in €™ 5. L5 (g) consists of representations V for which the general-
ized eigenvalues of {®;(u)} are of the following form

U — C; i HU—C; —dih
= [ T e )

k l

where ¢; i, ¢, , € S.

Theorem.

(1) The functor © restricts to ©° : Rep (U, (Lg)) — L3 (g). This restriction
sets up a bijection between simple objects of the two categories.
(2) Every object of Ln,-(g) is isomorphic to an object of E%T(g).

ForagivenV € L3 _(g), we explicitly construct a representation V € Rep;, (U, (Lg))
such that V = ©(V) (see Theorem 8.6). This inverse contruction is analogous to
[30, §6], and is achieved by solving a Riemann—Hilbert factorization problem for
doubly—quasi periodic (abelian, matrix—valued) functions in Section 7. Combining
Theorem 1.8 with the calculation given in Section 1.7 and the classification theorem
of finite-dimensional irreducible representations of U, (Lg) proves Theorem 1.3.

1.9. One difference between Theorem 1.8 and the analogous relation between
finite—dimensional representations of Yangians and quantum loop algebras obtained
in [30] is that the functor ©° is not an equivalence. This is because the two cat-
egories are defined over different fields. Indeed, Rep,,(Uy(Lg)) is defined over C,
whereas the field of definition of L,S;L)T(g) is

Endgs (5)(1) = {¢: b = C meromorphic such that p(A + ha;) = @(A)}

9)

However, if L,Sw(g) is the category with the same objects as E%T (g9), and morphisms
the C-linear homomorphisms commuting with the operators {®;(u), X (u, )}, the
following is an immediate corollary of the constructions leading to a proof of The-
orem 1.8.

Corollary. The functor © : Rept, (U, (Lg)) — L -(g) is an isomorphism of cate-
gories.

1.10. Elliptic R—matrices. To put the results of this paper in perspective, we
now give some background on elliptic quantum groups. Their origins can be traced
back to Baxter’s elliptic R—matrix, which records the Boltzmann weights of the
eight—vertex model [3, 4], and its generalisation Rp(u) to higher rank by Belavin
[6]. The study of the quantum groups corresponding to Rp(u) was initiated by
Sklyanin [42, 43] for the n = 2 case, and generalized by Cherednik [12] for arbitrary
n. The finite-dimensional representations of these Sklyanin algebras, which may be
thought of as elliptic deformations of the loop algebra of sl,,, and are also known
as vertex—type elliptic algebras, are also investigated in these works.
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1.11. Dynamical Yang—Baxter equations. It is natural to look for elliptic solu-
tions of the Yang—Baxter equations (YBE) corresponding to any simple Lie algebra
g. Belavin and Drinfeld proved that, for the classical YBE, such solutions only
exist for g = sl,, [7]. Partly to remedy this, Felder [23] introduced the dynamical
quantum Yang-Bazter equation (DQYBE)

Ria(u, X — th®)Rys(u + v, A) Rz (v, A — kh(Y)
= Ros(v, N Riz(u+ v, A — th®)Rio(u, A)  (1.5)

where b is an abelian Lie algebra, V a finite-dimensional semisimple h—module,
and R : C x h* — End(V ® V) a meromorphic function. The equation holds in
End(V @ V ® V), the subscript R;; indicates which tensor factors R acts on, and
the symbol h') denotes the weight of the j** tensor factor.

Felder also obtained an elliptic solution Rp(u, \) of the above equations when b
is the Cartan subalgebra of diagonal matrices in g = gl,,, and V = C" is the defining
representation of g. He also pointed out that the Knizhnik—Zamolodchikov—Barnard
equations satisfied by genus 1 conformal blocks [25] give rise to solutions of the
underlying classical dynamical Yang-Baxter equation for any semisimple g, thus
bypassing in a sense Belavin and Drinfeld’s no go theorem.

Starting from Felder’s discovery, a large number of results have been obtained for
elliptic quantum groups. These can be roughly grouped into four related threads
described in 1.12-1.15.

1.12. Felder’s elliptic representation category. The RTT formalism of Faddeev—
Reshetikhin—-Takhtajan [21], applied to Felder’s R—matrix yields a tensor category
of representations of Rp(u, ), which can be thought of as the category of repre-
sentations of a face—type elliptic algebra associated to g = sl,,. This study of this
category was initiated in [23, 24] for g = sl. An extension of this approach to other
Lie types seems, however, less convenient for other classical and for exceptional Lie
algebras.

1.13. Quasi—Hopf twists. Following the suggestion of Babelon-Bernard-Billey to
use dynamical twists to produce solutions of the DQYBE [2], Frgnsdal discovered
that both the Baxter-Belavin and Felder R-matrices can be obtained from the
trigonometric R—matrix of the quantum affine algebra sl,, by using such a twist
[26, 27]. Fronsdal’s analysis was completed by Jimbo-Konno—Odake—Shiraishi [33]
and Etingof-Schiffmann [16, 17], who showed that the R-matrix of the quantum
affine algebra g of any simple Lie algebra g can be canonically twisted to an elliptic
solution of the QDYBE, thus producing the first examples of such solutions outside
of type A. In particular, this suggested defining the elliptic quantum group & -(g)
corresponding to g as the quantum affine algebra of g, with a twisted coproduct and
R-matrix. Theorems 1.6 and 1.8 suggest that such an extrinsic definition of &4 - (g)
may only be appropriate when the parameter parameters i, 7 are formal since, for
numerical £, 7, the category of finite-dimensional representations of U,(Lg) is a
covering of that of those of & - (g).

1.14. The elliptic quantum group U, ,(g). A related elliptic quantum group
Uq,p(8) was introduced by Konno [37] for g = sly, and any simple g by Jimbo-
Konno-Odake—Shiraishi [33] as an extension of the quantum affine algebra U,g by
a one—dimensional Heisenberg algebra. A presentation of Uy ,(g) in terms of elliptic
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Drinfeld (full) currents was obtained by Kojima-Konno for g = sl,, [35], and by
Farghly-Konno—Oshima for an arbitrary g [22].

The presentation in [22] is closely related to that given in terms of half-currents
in Section 2. Indeed, if one regards the odd theta function 6(u) as a formal series
in the variable p = €?™" whose coefficients are Laurent polynomials in z = ™%,
the commutation relations given in Section 2.3 can be formally expanded to get
those given in [22, Defn. 2.1]. The converse implication does not appear to be so
straightforward, however.

It is worth pointing out that the definition and presentation of U, ,(g) are only
valid when ¢ and p are formal, whereas the classification of finite-dimensional ir-
reducible representations does not hold in the formal setting since CI[h, 7]] is not
algebraically closed. This is the case even for the quantum loop algebra U,(Lg)
when ¢ = ¢™", with h formal, where the classification via Drinfeld polynomials
fails to hold.

1.15. Dynamical quantum groups. It is natural to ask about the algebraic
structure of the dynamical quantum groups defined by the DQYBE (1.5). In the
absence of a spectral parameter u, these are Hopf algebroids, and their study was
undertaken up by Etingof-Varchenko [18, 19, 20] (see also [15] for an exposition).
A similar framework that would also encompass the spectral parameter  is lacking
at present.

1.16. Geometric representation theory. There has been a resurgence of in-
terest in elliptic quantum groups recently, especially in connection to the geom-
etry of Nakajima quiver varieties. Recall that, for g simply-laced, the Yangian
(resp. quantum loop algebra) of g acts on the (equivariant) cohomology (resp.
K—theory) of the Nakajima quiver varieties corresponding to the Dynkin diagram
of g [40, 44]. Maulik—Okounkov [38] obtained a new construction of Yangians via
stable envelopes in the equivariant cohomology of these quiver varieties (not nec-
essarily of ADE type). This construction has been extended to the elliptic setting
by Aganagic-Okounkov [1], and leads to a geometric definition of their category of
representations. We also note that a sheafified version of elliptic quantum groups
can be obtained by the cohomological Hall algebra construction of Yang—Zhao [46],
which sheds light on the type of algebraic objects they are.

1.17. Outline of the paper. In Section 2, we define the category Rep(&n.-(9)),
and its full subcategory Ly -(g), for any symmetrisable Kac-Moody algebra g.
Section 3 is devoted to proving a few basic properties of L5 -(g). Its main result is
an analogue of the triangular decomposition (Theorem 3.8). In Section 4, we prove
that the highest—weight of an irreducible object of Ly - (g) is of the form (1.2), and
also establish a version of Knight’s lemma. In Section 5, we review the definition
of the quantum loop algebra U,(Lg), and the classification of the simple objects
in O,,,(Uy(Lg)) in terms of Drinfeld polynomials. Section 6 gives the construction
of the functor © : O,,.(Uy(Lg)) — L -(g). In Section 7, we give a solution to the
factorization problem for (abelian) doubly quasi—periodic functions. We use this
factorization in Section 8 to construct a right inverse to the functor ©. The final
Section 9 gives the classification of irreducible objects in Lj - (g).
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2. ELLIPTIC QUANTUM GROUPS

2.1. Let A = (ajj)i jer be a symmetrisable generalized Cartan matrix [34]. Thus,
a; =2 forany i € I, a;; € Z<o for any ¢ # j € I, and there exists a diagonal matrix
D with positive integer entries {d; };er such that DA is symmetric. We assume that
(d;) are relatively prime.

Let (b, {ci}ier, {) }ie1) be the unique realization of A. Thus, h is a complex
vector space of dimension 2|I| —rank(A), {; }ier C b* and {a) }ier C b are linearly
independent sets and, for any i,j € I, () = a;5. Let (,.) : h* x h* — C denote
the non—degenerate symmetric bilinear form satisfying

()\,Oéi) = dl)\(a;/), vaeptiel

Let g be the Kac-Moody algebra associated to A.

2.2.  From now onwards, we fix a complex number 7 € H in the upper half plane.
Let A =Z + 7Z C C and let p = exp(2me7). Let 0(u) be the odd theta function:
namely the unique holomorphic function satisfying the following conditions:

O(u+1)=—0(u)
O(u+7) = —e ™Te 2muf(u)
O(u) =0 <= ueA;
0'(0) =1
For this theta function, we have 8(—u) = —60(u). Explicitly, we have the following
expression of 0(u)

—mLu
€

0(u) = = —(2P)oc (P25 P)oc (3 P) (2.1)

2miu

where z = e and we use the standard ¢g-Pochhamer notation (2;p)ec = [[}5o(1—

zp"). For future purposes, we will use an additive notation. Define

0F (u) == H (1 —p"ei%”“) (2.2)

n>1

Note that 67 (u) = 6~ (—u) = (pz;p)ec Where z = €2>™%. Moreover we have the
following identity:

O(u) = sin(mu) (2.3)
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In subsequent calculations the following identity will be extensively used (called
Fay’s trisecant identity)

O(a—c)f(a+c)0(b—d)f(b+d) =0(a—b)b(a+b)0(c—d)b(c+d)
+60(a—d)f(a+d)(b—c)d(b+c) (FTI)

2.3. The category Rep(&p -(g)). We now define an elliptic representation cate-
gory Rep(En,-(g)). Let i € C be generic in the sense that ZhN A, = {0}.

Objects. An object of Rep(En,~(g)) is an h—diagonalizable module V with finite—
dimensional weight space V = & ,¢cp+V,, together with meromorphic End(V)-valued
functions {®;(u), X (u, A) }ier of a spectral variable u € C and a dynamical variable
A € b*, satisfying the following list of axioms:

Category O and integrability condition.

e There exist p1,- -, pr € h* such that V, # 0 implies that p < py, for some
k=1,---,r.

e For each p € b* such that V,, # 0 and ¢ € I, there exists IV > 0 such that
Vi—na; =0 for alln > N.

Periodicity conditions.
o O;(u+1)=d;(u) and ®;(u+ 1) = e 2™ P, (u).
o XF(u+1,0) =X;i(u,\) and XF(u+ 7, \) = e 2N XFE (u, )
o XF(u,\+7) =%xF(u, \) for every v € PV where
PY = {y € h*|(v,q;) € Z for every i € I}
o Let DZle C C x b* be the set of poles of %;t (u, A). Then we require that DijE
is stable under shifts by A, x (PY 4+ 7PY).

Note that as a consequence of the PV-periodicity imposed above, the function
X (u, \) only depends on the variables u and \; = (), ;) where j € L.

Additional axiom
e Let us define Q° := {8 € Q: (8,a;) =0 Vi € I} and let
7= () Ker((5,9) C b
BeQ

We require that %;t(u, \) is a meromorphic function on C x h*. One can
easily prove that [34, Prop. 1.6] b* = 3", ; Ca;.

Commutation relations.

(£Q1) For each i,j € I and h € h we have [h, ®;(u)] = 0 and

h h h h
(I)l' <’UJ,A+ 50@') (I)j <’U,)\ — 50@) = (I)j (U,A‘i‘ 50@) (I)l <’U,)\ — 50@')

Moreover, we assume that det(®;(u, A)) #Z 0 for each i € 1.
(£Q2) For each i € I and h € b we have

[h, X5 (u, A)] = £ai()X] (u, N)
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(£Q3) For each i,j € Ilet a = d;a;;i/2 and let A\j = (A, o;). Then the following
relation holds on V.

h h N h h -t
o, (u,:l: </\ - 5lu> + 50@) X5 (0, )@ <u, + ()\ - 5”) + i(ai - aj))

_Ou—v=£a), .y ; o 0(2a)0(u —v Fa—Aj)
_G(U—qua):{j(’)\ihl)i 0(N\)0(uw—v Fa)

(£Q4) For each i,j € I and A € h*, let a = d;a;;i1/2. Then we have

+
X5 (uFa,\ % ha;)

h h
O\ + 2)0(u — v F a)XE (u, At iozj) .'f]i <v, AF 50@)

h h
— 0N £ a)f(u—v— \)XF (u, A £ iozj) .'fj[ <u +F A ATF 50@)

— 0\ Fa)f(u— v+ \)XF (U + A, i—ia]) %Ji (’U, ATF i—;ai)

=0(N + Aj)0(u —v:l:a)f{j-E (v At al) (u AF aj)

h h
-0\ Fa)b(u—v— /\j)%;': (u + A, At Eai) xF <u, AF 50@-)

h h
—0(\; £a)f(u—v+ Al)%j[ (v, D= Eai) Xt <v + AL ATF 50@-)
where \; = (A, ) and A\j = (A, ).

(£95) For each i,j € I and A, A2 € h* such that Ay + Ao = A(u + o; — o), the
following relation holds on the weight space V,,, with A = X\ — Ay — o; +

O[j)/2.
O] (u, M), 5 (0.0a)] = 3, (9<“—v+m>

6‘(’11, — U — )\2 i)
A L — = 2P, (u, A
0(u—0)0(\1.s) Blu— o)) T ))
where As; = (As, ;) for s =1,2.

Morphisms. A morphism between two objects V and W of Rep(&r.-(g)) is a
meromorphic function ¢ : h* — Homy(V, W), such that

(I)i(vu )‘) +

e For each 7 € I we have

o (/\ + 7—;@) (1, \) = By (u, \)eo ()\ _ §a>

e For each i € I the following equation holds in Home(V,,, W,+4,)

2

The composition of morphisms is defined as (¢o1)(X) = ¢@(A)(N). The constant
function 1y()) = Idy is the identity morphism in Homgep g, . (g))(V, V).

h h hooh
@ <iA Foluta)+ —ai) X (u,N) = X (u, Ny (iA Fop- 5%)

Remark. The definition of a morphism given above differs from the one usually
given for RLL type algebras, for instance in [15, 20, 24]. The reason is the freedom
in choosing this notion: given a set-theoretic map 8 : h* — h* and a zero—weight
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meromorphic function p(A\) € Aut(V) the reader can easily verify that the following
shifted conjugation respects the relations (£Q1)—(£Q5):

—~ h o\
D, (u, ) = ¢ )\+§ai D;(u, A /\—5041-

E5 () = (A4 B2 ) % S o) + o) X

A
P (i)\ +B(n) F 51— 5041-)

Clearly any two choices are related by an affine linear change of dynamical vari-
ables. The one given above corresponds to 8 = 0. From the RLL picture one arrives
at B(p) = :l:%u, depending on the choice of Gauss decomposition of the L-matrix.

2.4. For g = sly the category defined above is same as the one defined by Felder
[23] and further studied by Felder and Varchenko [24]. The reader can consult
[14] for a proof of this assertion. More generally, the previous statement holds for
g = sl,. A proof of this will be given in [28]. Recently, similar calculation appeared
in [36] where the formal case is treated (i.e., p = €*™7 is considered a formal vari-
able).

We also note that we have not imposed any Serre-type relations in the definition
above. This is in accordance with the assertion that for Yangians and quantum loop
algebras, the Serre relations are a consequence of the other relations and category
O and integrability axiom [30, Propositions 2.7, 2.13].

2.5.  As mentioned in the introduction, we restrict our attention to the full subcat-
egory Ly, -(g) of Rep(Er -(g)) consisting of objects (V, ®;(u, \), X;(u, A)) such that
®,(u, \) is independent of A, for each i € I. The relations (£9Q1) and (£93) of the
previous section become simpler for such objects as follows:

(£Q1) For each i,j € I and h € h we have
[@;(u), ®;(v)] =0 and [, ®i(u)] =0
(£Q3) For each i,j € Ilet a = d;a;;h/2 and let A; = (A, «;). Then

_ Olu—v=Ea
By (u)XE (0, 1) Dy (u) ! = m%f(v,)\ + ha)
n 0(2a)0(u —v Fa— )\j)%j[(u T+ a, & Fay)

O(N)0(u— v Fa)

2.6. From the relation (£Q3) we obtain, by setting v =u +a

6‘()\] + 2a)

Ad(®i(u) X5 (uta,A) = 00

+
X5 (uF a,\ + ha;)

Using this we obtain the following from (£Q3) by taking Ad(®;(u))~! on the both
sides, and replacing A by A F hq;:
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(£Q3') For every i,j € I the following holds

B, (u) X (0, \) Py (1) = %xf(u, A F )
0(2a)0(u —vEta— X))

O(N)0(u— v+ a)

+
X5 (u % a, A F hay)

Similar to the case of Yangians and quantum loop algebras (see [30, Remarks
2.3, 2.10]), the relation (£9Q4) can be simplified when i = j as follows. Let u = v
in (£94) for i = j and hence a = d;h. We get

O\ + d:h)XE <u A+ §a> xF <u + A A F goz)

-0\ F dlﬁ)%j[ <u + A, At gai) .'fli (u, AF gai)

=+ 50n) Xx; u,/\:|:204Z Xx; u,/\$204Z (2.4)

This implies the following relation again from (£94)
(£Q4’) For each i € I and X\ € h* we have

Olu—vF dlh)%zjE (u, A+ g%) %;t (’U, AF i—iai>

2
O(u—v—N\)0(d; FL) h h B
+ a0 u/\:|:2ozl .'f u)\:|22ozZ =
O(u — v:l:dl-ﬁ)%?[ <v,)\ + gai) (u AF 2%)
+ 9(u—v0—é—/\ dih %j[ (’U At — al) (v,/\$ g%)

In this form the relation (£Q4) appeared for g = sly in [14, Prop. 1.1].

3. SOME PREPARATORY RESULTS

The aim of this section is to prove a weak triangularity property for irreducible
objects of L (g). In order to do so we will introduce the notion of a A-flat object
and prove that every V € Ly, (g) is isomorphic to some A\-flat V?. The triangularity
property holds for V”, as stated in Theorem 3.8.

1. Poles of f{jt (u, \). As a consequence of the periodicity axioms of section 2.3,
we have the following

Proposition. The set of poles of %Ji(u,)\) are contained in the union of affine
hyperplanes of the form uw =0 (b€ C) or A\j = (A, ;) € A;. Moreover the poles at
Aj € A are of order at most 1.
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PROOF. Let us restrict to the + case for definiteness. Let D;” C C x b* be the set
of poles of X} (u,\). Consider a point (v°,\°) € D;".

Claim: Either (v°,\) € D for every A € h* or D N{(v°, A\° + pha;)}pez is finite.

Proof of the claim: Assume that the set D;f N {(v°,\° + pha;)}pez is infinite.
Since D;r is stable under shifts by PY + 7PV in the dynamical variable, and
pha; € PV + 7PV implies p = 0 by the genericity assumption on A, the set
A + Zha; + (PY + 7PVY) is dense in h*. Hence (v°,\) is in D} for every X € h*.

In order to prove the proposition we will restrict our attention to the later case.
Namely, there exist n,m € N such that

D;” N {(UO, A0 + pha;) }pez C {(UO, A0 — mha), ..., (UO, A0+ nha;)}

Let A* = A\ — mha; and ' = \° 4+ nha;. Without loss of generality we may
assume (v%, X), (v°, A\!) € D;". Consider the relation (£Q3) with j =i and v = v:

O(u — v’ 4+ d;h

Ad(®;(u)) X[ (0, A) = WO%
(

F% N+ hay)

6(d:h)0(u — 0 —dih) vy ,
O(u — 00 — dzh)t?(,\i) X (v — dih, A + hay)

Since the left-hand side has a pole at A = Af, so must the right-hand side .
However (v°, A\ 4+ ha;) ¢ D;f. Therefore we have Al € A;. A similar argument
using (£93’) from Section 2.6 implies that A\f € A;. Therefore we get

(n+m)h(2d;) = (\° — N\ ay) € A,

which implies that n = m = 0. Therefore \) = M — N7 € A,.
Again consider the relation (£Q3)

Ad(®; (u)) (B()X] (v, ) = Hemx; (v, A+ ha)
H(dih);((:__:__ dAh)_ GR) v+ (0 — dih, A + o)

The right-hand side can be specialized at A = \° and gives
RHS. |,_y0 = (—1)M N mN* 7o =2mN (uv=dih) g, )X (u — d;h, A + hav;)
Thus we get

ON)XT (0, M)] 0 = €™V Ad(D;(u)) "
. ((_1)M+N6771-LN27-e—QﬂLN(ufdih)o(dih)x;r(u _ dih, /\0 + ﬁal))

The right-hand side is either identically zero or nowhere zero. The former case
will contradict the fact that (v°,A\°) € D} since () has only simple zeroes. In
the later case we get that (v, \°) € D; for every v and the corresponding pole is
simple.

O
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3.2. Partial fractions. Let SjF C C be a choice of representatives modulo A, of
poles of %f (u, A) in the spectral variable u. Consider the Laurent series expansion
of these functions near b € SJi:

X5 (uA) = Y X5, ()

neN

1
————— + part holomorphic near b
(w—pbyn+1 P p

Note that the sum appearing above need not be finite (since V is infinite—
dimensional in general). However, for each weight p € b*, the sum is finite in
Homc(V,,, Vyta;). We have the following analogue of partial fraction decomposi-
tion of a rational function:

Lemma. The End(V)-valued functions .'fjt(u, A) have the following form, where
XE

b (A) are holomorphic functions of A

—0u)" [ O0(u—b+ )\j
XA = Xﬁb,n(”( n!) <9Eu—b)9(k’;>
besF !

neN

PROOF. The proof of this lemma is fairly standard. We take the difference of the
two sides of the equation given above

—=0,)" (O(u—Db+ Nj)
Flu ) = x5 ) — 5 xk, ()0 2
('U:; ) j (’U,, ) Zi ];b,n( ) n! 9(u—b)9()\J)
bes?
neN
Then this function is holomorphic in u and has the quasi—periodicity: F(u +
1,A) = F(u,\) and F(u+7,)\) = e 2™ F(u, \). Since there are no such holomor-
phic functions, other than 0, we get the desired equation. Finally the claim that
in;b)n(/\) are holomorphic functions of A follows from Proposition 3.1 which states

that G(Aj).'fji (u, \) has no poles in A variable. O

3.3. A difference equation. As a consequence of the commutation relation (£Q3)
we get the following equation for the functions be ,(A) appearing in Lemma 3.2
above. ‘

Lemma. For eachi,jel, ne N andbe Sji we have

OF (O(u—v+a)
Ad(D(w)) X35, (N =D T (m )

k>0

XE

];b,n-}-k()\ + hal) (31)

where again a = hd;a;;/2.

PROOF. Consider the commutation relation (£Q3):

Olu—v+a)

O(u—vFa)

0(2a)0(u —v Fa— X))
O(N)0(u— v Fa)

If we multiply both sides of this equation by (v — b)" and integrate over a small
circle around b, we get the equation (3.1). O

i (u)X5 (v, )i (u) ™! = X (0, A + hay)

+
+ X5 (uF a, A+ hay)
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3.4. Generalized eigenspaces. Given p € h* define M(u) to be the set of I-
tuples of meromorphic functions A = (A;(u)) such that for each i € I we have

Ai(u+1) = A;(u) and Ai(u+7) = e 2 e 4, (y)

According to the commutation relation (£Q1), we can decompose each weight
space V,, into the generalized eigenspaces for the functions {®;(u)}. Define:

Vu[A] :=={veV,: foreveryicI (®;(u)— A;(u)Nv=0for N> 0}

Then we have

Vu: @ V,u[A]

AeM(p)
3.5.

Proposition. For a given pu € b* and A € M(u), A* € M(u+ a;) consider the
following composition, for j € I and n € N:

X:I:
VH[A]_ — - oA Vita, [Ai]

VU V;L:I:aj

If XJ S n()\)ii #£ 0 then there exist a® € Q such that for every i € I we have
o(u —b=+ a) 2meh(
e ma—
O(u—0bFa)
where a = d;a;;h/2. Moreover in this case, for every m € N we have

exp (F2mu(A, ai)) XE, (\) is independent of \

j;b,m

ai,ai)

AF (u) = Aiu)

PRrROOF. For the purposes of the proof, let us keep j € I and b € C fixed. Consider
W= = Homg (V,[A] Vsa, [A%]) as a finite-dimensional vector space over C. We
are given Y;(u) = Ad(®;(u)) € End(W¥) which are End(W *)-valued meromorphic

+
function of u, such that Y;(u) — ’:i_ ((5)) Id is a nilpotent operator.

According to the equation (3.1), we are looking for a collection of holomor-

phic W* valued functions, z3 (\), -+ , 2% ()\) where A € h* which are P¥-periodic.
These functions are required to satisfy' for each ¢ € I,
=Y Ef(wak, (A + ha) (3.2)
1>0

where the functions E:(u) are given by

B (u) = (?_7!5 (9(u—vj:a))

fu—vra) where a = d;a;;h/2

v=b

We prove the assertion of the proposition by descending (finite) induction, as
follows. Consider the function z3(\) and its Laurent series expansion. The role
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of Laurent monomials is played by (because of PV periodicity) exp(2mi(\, «)) for
a € Q. However, since 23 (\) is a function on h*, (A, @) = 0 for every a € Q°. We
remind the reader that Q° = {3 € Q: (8,a;) =0Vi € I}.

Therefore the Laurent series of x]j\[,()\) has the following form:

Z O () exp (2m(\, @)

aeQ/Qo

Substituting this expansion in the equation (3.2), and comparing the coefficients
of the Laurent series, we get

Yi(u)O5(a) = Eito (u) exp (£2mh(ay, ) On (@)

Thus CE(a) # 0 implies that (since the only eigenvalue of Y;(u) on W= is
AF () /Ai(w)):

U
Ef +2mih(a;, @) = ==

Z70(u) exp (2meh(a;, a)) A (0)

This proves the first assertion of the proposition. Namely, there must exist
a® € Q such that

Af  Ou-b+ta)

K3

Ai  Ou—bFa)

ezmh(amai) where a = diaijh/2

Note that such a® are not unique (unless A is ltlomfdegemerate)7 but their classes
modulo Q° are. Thus we will have to make a choice of a € @ so that the equation
given above holds. Then we get that 3 (\) = e=2m o* )O%.

Let us assume that we have proved
exp (F2me(A, ai)) 2= (\) = C* is independent of

for each m with n < m < N. Now we will prove it for z:X(\). Again, let us write
the Laurent series expansion of 2" (\) as

Z CE(a) exp (2mt(\, @)
acQ/Q°

We substitute this in the equation (3.2) and compare the coefficients. For each
1 €1, we get

Yi(u)Ci () = Eito(u) exp (2meh(a;, o)) Cf(a)—k

n
+2mh a',a +
60¢,ozi mod Q0€ (o E :Ezl n+l
>1

The same argument as above applies and we are done. 0
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3.6. \—flat representations and first gauge transformation. Given a weight
1€ b* of V consider the set of generalized eigenvalues
M V) 1= {A € M() : VA # 0}

In view of Proposition 3.5 above, we introduce an equivalence on the set M (p; V):
A ~ A if, and only if there exists o € @ such that for every i € I we have

Al(u) = A;(u) exp(2mih(o, @)).

Definition. We say V € L, -(g) is A-flat if for every A, A" € M(p; V) such that
A~ A we have A= A'.

Proposition. Every V € Ly, ,(g) is isomorphic to a A\-flat V* € Ly, ,(g).

PROOF. We claim that there exists ¢(\) € Aut(V) such that upon conjugating with

1 the we obtain a A-flat object of Ly +(g). This automorphism ¢ is weight pre-
serving: ¥(A) = &, () where ¢, () € Aut(V,). Below we give the construction

of ¥,,.

Choose representatives {A(b)}beB C M(p; V) of their respective equivalence
classes modulo ~. Let V,[B] be a generalized eigenspace, where B ~ A(b) for
some b € B. Then by definition we have o € ) such that

Bi(u) = A (u)e* e
The action of ¢, () on the generalized weight space V,,[B] is then given by
1/’u()\)|vu B] — €XP (—2m(N, @) Idvu[ﬁ]

Having defined v()\), we consider the object V* of Lp ,(g) obtained by twisting
V via ¢ in accordance with the notion of morphisms introduced in Section 2.3.
Namely, V* = V as an h-diagonalizable module and the operators {®?, %Zib} on a
weight space VZ =V, are given by:

B (u) = <)\ + gh) B(u)p ()\ - §a> -

h h
X (uN) = ¢ <i>\ Folpta)+ gai) X7 (u, 2)

hooh \!
Q| £ —p— =y
© < AF e )
The reader can easily verify that, by the construction of ¥, V° is a A-flat object.
O

3.7. Assume V € Ly ,(g) is a A-flat object. Then the following is a consequence
of Proposition 3.5.

Lemma. Let V € Ly, +(g) be a A-flat object. Then for every u € b* a weight of V
the following two subspaces of V,+a; are identical:

> XNV, =) X (u, )V,
ueC ueC
NS

where \° € h* is chosen arbitrarily such that /\]Q Z A
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PRrOOF. According to the partial fraction decompotion of %j[ (u, A) given in Lemma
3.2, we have

Span of {%]i(u, A)}uec = Span of {x;‘t;b.,n()‘)}besf,neN

where as in Lemma 3.2, Sji C C are a choice of representatives of poles of %]i(u, A)
in the spectral variable u, modulo A, .

Let A€ M(p; V) and b € Sji. Define A* by:

Olu—b+ta)
AF(u) = Aj(u)———~
F) = A g
Proposition 3.5 implies that
XN (VulA]) € €D Vs, (B)
BrA*

The right-hand side has only one summand, by the definition of A-flat object. Thus
Proposition 3.5 also gives that X;.t;b_’n()\) on V,[A] has the form e%b(’\"’)x;t;bﬁn(O),
for some o € ). Thus we get

Span of {in;b,n()‘)})\eh*,besjiWGN = Span of {in;b,n(o)}besji,neN

in Home(Vy, Vyta, ). This proves the lemma. O

3.8.  Throughout this paper, we say V € Ly, -(g) is irreducible if there is no proper
non-zero subspace of V which is stable under {®;(u), X5 (u, \) };e1. Later, in Corol-
lary 9.3, we will show that this naive notion of irreducibility agrees with the more
general one, for any category with an initial object.

Now we are in the position to prove the following

Theorem. Let V € L -(g) be an irreducible, A—flat object. Then there exists a
non—zero, unique up to scalar, weight vector Q € V,, such that

o X (u,\)Q =0 for everyi € Lu € C,\ € h*.

e O is an eigenvector for ®,;(u) for every i € 1.

o V is the span of the following vectors:

xi(ula/\'i'hail)'"x;(ulvA+h(ai1 + +alz))Q

i1
where uy,--- ,uy € C, Xeb*, l e Nandiy,---,i; € L.

Proor. By the category O condition, we can find a weight space V, such that
Vita, = 0 for every i € I. Let Q € V,, be a non-zero eigenvector for {®;(u)}icr.
Thus there exists A € M(u) such that @;(u)Q = A;(u)Q) for every ¢ € I. Moreover
X (u, \)Q = 0 since p1 + «; is not a weight of V.

Let W C V be the subspace spanned by the following vectors:

%_(ul,/\—i-hail)---f{i_l(ul,)\—i—h(ail + 4 a;,))R

i1
over all uq,---,u; € C, A € b* and ¢1,---,4; € I. Using the relation (£9Q3) and
the fact that € is an eigenvector for ®;(u) we get that W is stable under ®;(u) for
every i € I.
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Now we claim that W is also stable under the raising and lowering operators.
Lemma 3.7 implies that we only need to prove this assertion for the operator ob-
tained by specializing the dynamical variable of our choice. This makes it clear
that W is stable under X; (u, A). For the raising operators, again we have

%;‘(u,)\’)f{;(ul,)\—l—hail)---%Z—_(ul,)\—i—h(ai] + ) =
l

> e[ N), & (e A+ hlas, + - 4 ag,)] - 0

t=1

For X such that N + X = h(u — a;; — -+ — ;) we can apply the relation (£95) to

each term of the summation on the right-hand side above and conclude that W is
stable under X (u, \).

Thus W is a subobject of V. Since V is assumed to be irreducible, this implies
that W =V as required. O

3.9. Composition series. We have the following analogue of the existence of com-
position series in category O for a symmetrisable Kac—Moody algebra [34, Lemma
9.6]. We refer the reader to [31, Prop. 15] for a similar statement for quantum loop
algebras.

Lemma. Let V € Ly, -(g) be A-flat and p € b*. Then, there exists a filtration

0=VoC---CV;, =V
such that the following holds for any V;, j =1,...,t
o cither V;/V;_1, is an irreducible object with highest weight p; for some
My = 1,
o or (V;/V;_1), =0 for every v > p.

PROOF. The proof of this lemma is essentially the same as the one given in [34].

Namely, we define
V)= dim(V

v>p
Note that a(u, V) is finite by the category O axiom from Section 2.3.

We prove the lemma by induction on a(p, V). Assuming a(p, V) = 0, the fil-
tration 0 C V satisfies the conditions of the lemma. Let a(p, V) > 0 and choose
a weight u; > p of V such that V4., = 0 for every i € I. Let ; € V,, be an
eigenvector for {®;(u)},cr and consider the subspace W spanned by

%:(ul,)\—l—fwxil) N %;(ul,/\—i-h(a“ =+ +04il))Ql

over all ui,---,u; € C, A e b* and iy,--- ,4; € L.

The argument given in the proof of Theorem 3.8 yields that W is stable under
{®;(u), X (u,\)} and hence defines a subobject of V. Note that dim(W,,) = 1
and for any proper subspace W’ of W which is stable under these operators, we
must have dim(W), ) = 0. Let Wi C W be the largest such proper subspace.
Then we arrive at a filtration 0 C Wy ¢ W C V where W/Wj is irreducible and
a(p, W1),a(p, V/W) < a(p, V). Hence we are done by induction.

O
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4. CLASSIFICATION OF IRREDUCIBLES I: NECESSARY CONDITION

In this section we give a necessary condition for the eigenvalues of {®;(u)} on
the highest weight vector of an irreducible object in L -(g).

4.1. Let V€ Ly (g) be an irreducbile, A-flat object. By Theorem 3.8, we have a
unique (up to scalar) weight vector € V,, such that

o X (u,\)Q =0 for every i € Iu € C,\ € h*.
e There exist A € M(u) such that ®;(u)Q2 = A;(u)Q for every i € L.

e V is spanned by the following vectors
%Z—_l(ul, A+ hay, ) - -f{;(ul,)\—i— Rou, + -+ a;)))2
over all uy,--- ,u; € C, A€ bh* and iq,--- ,i; € L

Theorem. For every i € I, there exist N = (N;)ie1 € N and collection of complex
numbers {bgz), e ,bg\l,)i} such that

T 0(u— by + din)
o1 O —b))

where C; is a non—zero constant. In particular p(ay) = N; and hence p is a
dominant integral weight.

The proof of this theorem is given in Section 4.10 below.

4.2.  We remark that the statement of Theorem 4.1 for Yangians and quantum loop
algebras is part of the classification of their irreducible representations by Drinfeld
polynomials. For g = sly the classification theorem is proved in [8, 9]. In [11]
and [31] the theorem is proved for an arbitrary finite-dimensional semisimple Lie
algebra and symmetrisable Kac-Moody algebra respectively (see also [10, Chapter
12], [39, Chapter 3] and references therein).

The proof of Theorem 4.1 given here differs significantly from the ones that exist
in the literature due to the lack of standard constructions of PBW basis, Verma
modules, tensor product etc. Namely, we produce an infinite sequence of lower-
ing operators which never annihilate the highest—weight vector, if the contrary of
Theroem 4.1 were true. Lemma 4.6 is crucial in achieving this. We merely wish to
remark that the proofs of this lemma and Theorem 4.1 can be easily modified to
work for Yangians and quantum loop algebras.

4.3. Choice of representatives of poles. Fori € I we define V(¥ = Dn>0Vu—na;-
Note that this is a finite—dimensional vector space which is stable under the action
of XF(u, \) and {®;(u)}jer. Let o(V,4) denote the set of poles of {®;(u), X (u, \)}
acting on V() in the spectral variable u. We choose a (finite) subset S’\(,i) C C sat-
isfying the following conditions

e For every a € o(V,14) there is a unique @ € S\(,i) such that a —a@ € A;.

e Ifaco(V, i)ﬁSé,i) and a+nh; € o(V) for some n € Z* then a+nh; € S’é,i).

Here and below we use the notation h; = d;h.
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4.4. Partial fractions. Considering the principal parts of the Laurent series ex-

pansions of ®;(u), X (u, \) near a point a € S’\(,l) we can write the partial fraction
decomposition of these functions (see Lemma 3.2) as follows:

Fu,\) = + (=0u)" (Ou—a+X)
X () §> Kisan N <6‘(u - a)em)
neN

For each a € Sé,i ) let us define H;.q »n using the Laurent series expansion of ®;(u)
near u = a:
H;. .
O;(u) = Z # + part holomorphic near a
neN
Then we can rewrite the relations between {®;(u), %Zi (u, \)} considered as mero-
morphic functions taking values in End (V(i)), in the following manner:

Lemma. (1) For each a € S’é,i) and n € N, we have:
oL (0(u—v=+hy)
Ad(®;(u)). X =) g + hoy 4.1
ROREEES ot Gy [ I

(2) For each a € Sé;) and m,n € N we have

(-1
Z ATl (9(k+l)($h)Xj[anJrk()\)xme(AIFhal)
k,1>0

004D CER)XE, 1t VX ik AV F h) ) =0 (4.2)

(3) For each a,b € S\(,i), m,n € N we have the following relation on a weight
space V,,:
0() X (V) X

a,m

(=X + )| = 8asHisamin (4.3)

zbn

PROOF. (1) was already proved in Lemma 3.3. The proofs of (2) and (3) are along
the same lines as that of Lemma 3.3.

(2): Consider the relation (£9Q4) or its equivalent form (£94’) given in Section

2.3 for i = j and A replaced by A — 5% (for notational convenience only), multiply

it by (u—a)™(v — a)™. Integrate with respect to both u and v over a small circle
centered at a, say C. Note that the second and third terms from both sides vanish
and we are left with

LHS. = j{c f(u —a)"(v—a)™0(u — v F hi) X (u, XL (v, A F hay) du dv
_ 2 (=D
_Zi(u—a) 00w — % )R (1, 3) du X, O F )

_ Z (__l)lg(kﬂ)( B )xjﬂa n+k(,\)x A F hay)

zam-i—l(
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The same calculation with the right-hand side gives (4.2).

(3): Again we consider (£Q5) with ¢ = j on a weight space V,. Multiply both
sides by (v — b)™ and integrate over a small circle C around b, to get:

() [ (. 3). X5, (A + )] = i(v—b)"%@i(v)dv

Now we multiply this by (u— a)™ and integrate around C’, a small circle around a.
Clearly the function on the right-hand side of the equation above only has poles at

u = a (modulo A;). Therefore, if a # b € Sé;), the integral will be zero. Assume
b = a and that C’ is a slight enlargement of C. Then we get

0(hs) [X (V) X (=X + )] ]ff u—a)" ot Z:Z;&% du (v — a)"®;(v) dv

= i(v —a)" " ®;(v) dv

= Hi;a,n-{-m

4.5.  As a consequence of (4.2) we have the following

Corollary. For every m,n € N with m > n, the following relation holds

X?:am()\) 1an)\:Fh051 - Z TSX;tar()Q las()\:Fh’a’L)

n<rs
where Cif | (r,s) € C.

PROOF. The idea of the proof is to use (4.2) and the fact that there exists N > 0
such that X (\) = 0 for every I > N. Let us assume that N is smallest such

i;a,l

positive integer. Then by (4.2) for m = n = N we have
20(Fhi) X5 n (N X v (A F i) = 0

In order to prove the assertion of the corollary for m = N and n < N, we again
use (4 2) to get

1
k! 9( )(:Fh)xzia n—i—k()‘)xzi,a,N()\:FhaZ) - Z k! 9( )(:l:h)xzia N()\)Xzia n-HC(A:Fhal)
k>0 k>0
An easy induction argument proves the corollary for m = N and arbitrary n.
Now we assume that we have proved it for m > m; and every n < m, and continue
with proving it for m = my. Proceeding just as above we have

()X,

i;a,mq+1 ()\ + hai)

—1)
= Z 9(k+l) (:l:h )x?:a ,m1 Jrl()‘)x?;:a,mlJrk()‘ + hal) =0
k>0
The induction hypothesis implies that the claim holds for n = m = my. The

general case with n < my then follows just as before (for the case of m = N).
O
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4.6. Main Lemma.

Lemma. Let a € S\(,i) and N € N. Assume there exists a non-zero weight vector
v € V,(j) satisfying the following two conditions.
o X;‘a_’k()\)v =0 for every k € N and A € C.
o &;(u)v = Bj(u)v for some B = (Bj(u)) € M(v) such that B;(u) has a pole
of order N +1 at a.
Then we have
Xia0N) Xy (A + Nhag)v # 0

for every X € h*.

PROOF. For the purposes of the proof, let us keep ¢ € I and a € Sé,i) fixed and
hence omit these from the subscript.

We begin by making the following observation which directly follows from the
proofs of Proposition 3.5 and Lemma 3.7:

There exist o), a® .. € Q such that, if we define, B"™ € M(v — ra;) by:

(7‘) o ) 9(u—a—dlawh/2) " - ) (1) (r)
B;"(u) = Bj(u) (9(u—a+diaijh/2) exp( 2mh(aj,oz + -t ))

Then we have
X;a,n(A) _ 62WL(>\7Q(T))X;a,n(O) . VV—(’I‘—l)ai [ﬁ(rfl)] = Vyra, [ﬁ(r)] (4'4)
Now define v(ky,--- , ki A) € Vo, [B™] by
U(kl, e 7k’l"; A) = Xi_;a7k;1 ()\) e X?:ll,]i}T ()\ + (T - 1)h0&1)v
Note that by (4.4) above, we have

v(ki, - ke A) = exp (27TL ()\, a4y oz(T))) v(ki, -, k3 0) (4.5)

Let us consider the subspace WofV spanned by v(ky,- - , k- A\) forall ky, -+ k. €
N and A € h* (for r = 0, this vector is just v). By the straightening relation given
in Corollary 4.5 we have

W = Span of {v(k1, - ki \) bosky <ok,

Let W’ C W be the span of such vectors with k. > N, and let W = ﬁ///W’ be the
quotient space. Define, for each n € Nand 0 < p <n:

’UP;W/()‘) :’U(N—’I’L, 7N_n+p_ 17Nmp7N_n+p+17 7N7)\)
where as usual  means z is skipped. We prove the following assertion by induction
onn (for 0 <n < N):

S,: For any fixed A € h*, the collection of vectors {v, n(A)}o<p<n is linearly inde-
pendent in the quotient space W.

Note that the vector v, () is an eigenvector for {®;(u)} by (4.1) and Corollary
4.5. That is,
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O (u)vo.n(N) = Bj(u) (ZEZ - Z - ZZ;Z;;) vo.n(A — ha;) modulo W’ (4.6)

In particular, for each [ > 0 we have a complex number A ,, € C such that

Hia,1v0,n(A) = hinvo n(A — ha;) modulo W’ (4.7)
The base case Sg just means that v # 0 which is true by our hypothesis and the

fact that the subspace W' is spanned by weight vectors of weight strictly less than
v (hence v ¢ W').

Now we carry out the induction step. Let us first assume S,, for each 0 <
n < N. We claim that vy ,+1(A) # 0. Note that when n = N, this is exactly
the statement we need to prove. Assume that this vector is zero. Then applying
XF o(=A+A(v — (n+ 1)a;)) and using the relation (4.3), we get

1;a,0

n

Z x;a,N—n(A) e Xi_;a,N—n-‘,-p—l()\ + (p - 1)hai)Hi?U«;N—n+P

p=0
XiaN-nipr1A+ P+ 1hag) - X, (A4 nhag)v =0
Note that
XiaN—nipr1 A+ 0+ Dhag) - X, G (A + nhai)v = vo,N—ntp(A + (p + 1))
and this vector is an eigenvector for H (as given in (4.7)). Thus we get

Z thner,anervp,n()\) =0
p=0
This is a non—trivial dependence relation, since hy,n # 0 by our hypothesis on
B;(u) (it has a pole of order N + 1 at a), which contradicts S,,.

Assuming n < N, we can now prove S, 1. The proof relies on the following easy
computation, using (4.1) and Corollary 4.5:

;s (w)vpn(N) = B (u)vp.n () +
n), 0w —a+h) O(u—v —hy)
Bz( )(u)m (81; (m) ) 'Upfl,n()\) + ...

where ... refers to terms v;, with j < p — 1. This triangularity property of
®;(u) together with the fact that vg 41 # 0 implies the required result, using the
following general fact from linear algebra. O

v=a

4.7.
Lemma. Let V be a vector space over C and {vi,--- ,v;} CV such that v; # 0.
Assume that there exists X € End(V') such that Xv; = )., c;jv; where

e ¢;; = c is independent of i.

e c¢i_1, #0 for each i.

Then vy, --- ,v; are linearly independent.
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4.8. Let us note an important consequence of Lemma 4.6.
Define a subspace of V:

V' = Span of {X__ . (\)---X

isa,ko isa,k N (/\ + Nhai)v}koﬁ“' ,kn €N
This subspace is stable under {®;(u)} because of the relation 4.1. Moreover by

Proposition 3.5 we have the following inclusion
! (@) R
VeV, (Nitya [ﬁ}

where B = Q(NH) in the notation introduced in the proof of Lemma 4.6.

The fact that this subspace is non—zero follows from Lemma 4.6 and hence implies
the following

Corollary. There exists a non-zero vector v’ € V' such that ®;(u)v’ = Ej (u)v'
for every j € 1.

4.9. Rephrasing Drinfeld polynomials. For us it will be important to identify
meromorphic functions from the location of their zeroes and poles, which are of the
following form
O(u—cp + hy)
C _ 4.8
1;[ O(u— ck) (48)
where ¢, € C and C is a non-zero constant. A little bit of terminology is in order.
A subset S C C is called a h;—string if for every s1,s2 € S, we have s1 — so € Zh;.
Every finite subset of C can clearly be broken into a finite union of h;—strings.

Given a meromorphic function B(u) such that
B(u+1) = B(u) and B(u +7) = ¢~ 2™ B(u)

for some v; € C, let o(B(u)) be the set of its zeroes and poles and let Sp C C
denote a choice of representatives of the zeroes and poles as outlined in Section 4.3.
Let
Sp=5U...U8,

be the decomposition of Sp into h;—strings. To each string S (1 < k < m)
we associate an expression of parantheses as follows. Let s € Si be such that
s+mnh; & Sy for every n > 1. If s is a zero (resp. pole) of B(u) of order n, we write
n right (resp. left) parantheses. Then we continue with Sj \ {s} and so on until the
h;—string S is exhausted. We say that Sj is balanced if the resulting expression is
of balanced parantheses. The following is immediate.

Lemma. B(u) is of the form (4.8) if, and only if S, is balanced for each 1 < k < m.

4.10. Proof of Theorem 4.1. Let us assume that there exists ¢ € I such that
the eigenvalue of ®;(u) on €, A4;(u) as introduced in the statement of Theorem 4.1
is not of the form (4.8). Decompose the finite set of representative of zeroes and
poles of A;(u), denoted in the previous section by S4,, into h;—strings. According
to Lemma 4.9, one of these hi;—strings is unbalanced. Let S be an unbalanced f;—
string in which number of left parantheses is greater than or equal to that of right
parantheses (such S must exist since number of zeroes and poles of A;(u) are the
same). We pick b € S according to the following procedure:
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Let E be the expression of parantheses associated to S. By the standard algo-
rithm to determine whether F is balanced or not, one defines a number Counter = 0
and reads the expression from right to left. If a paranthesis is right (resp. left) we
decrease (resp. increase) the number Counter by 1. Then F is unbalanced if, and
only if the Counter becomes positive at some stage (or if upon exhausing F it is
non-zero, which will be positive for us, since we are assuming that E has more or
equal number of left paratheses). Let x be the paranthesis at which the counter
becomes positive for the first time, and let b € S be the correspoding complex num-
ber (necessarily a pole of A;(u), since left parantheses were associated to poles).

Now we can finish the proof of Theorem 4.1 as follows. Let Ny be the order of
pole of A;(u) at by = b. Applying Lemma 4.6 and Corollary 4.8 to v = Q, a = by
and N = Ny — 1 we obtain another (non-zero) vector € satisfying the following
properties:

[ ]
Oy € Span of {X;, 1, (A) -+ X3 oy A+ (No = 1)ai)v}, - knyen

e O is an eigenvector for {®;(u)} with eigenvalue A" where

O(u — by — dyag;h/2)\ N0 _ .
A(l) — A J ) 2muh(og, o)
J (U) j(UJ) 9(’(1, — by + dlauh/2)

for some a € Q.
The first property in particular implies that X;ﬂx (M) = 0 for every ¢ # by,

k € Nand X € h*. Moreover the function Agl)(u) has a pole at by = by — h; of some
order, say Ny, since otherwise A4;(u) must have a zero of order > Ny at by — hi; thus
contradicting our choice of b as outlined above. Hence we can apply Lemma 4.6
and its Corollary 4.8 again to a = by, N = N; — 1 and v = Q;.

It remains to observe that, according to our choice of b, this procedure will
never terminate. Thus we will obtain infinitely many non-zero vectors {{,}n>0
which belong to different weight spaces and hence are linearly independent. This
contradicts the finite-dimensionality of V(* and completes the proof of Theorem
4.1.

4.11. Knight’s lemma. The following result follows directly from Lemma 3.9,
Proposition 3.5 and Theorems 3.8, 4.1.

Proposition. Let p € b* and A € M(p). If there exists V. € Ly (g) such that
V. [A] # 0 then there exists m € Py such that pn <[t and for each i € I the function
A;(u) is of the following form:

2 (u—c}, — d;h)

N-
B T 0(u —cik + dih)
Az(u) =C; Ig 9(’& — Ci,k) ll;[l 9(’& — C;)l>

where Cy, ik, ¢; ) € C, and N1, N2 € N with N1 — Ny = p(a)).

2
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5. QUANTUM LOOP ALGEBRA

5.1. The quantum loop algebra U,(Lg). Let ¢ = exp(mih). For any ¢ € I, set
¢ = q%. We use the standard notation for Gaussian integers

n

q" —q
q—qt

[nlg! = [nlgln — 1q---[1]q [ Z :| B %

[n]q =

The quantum loop algebra U, (Lg) is the C-algebra generated by elements {‘I’i[ir}iel,reN,
{X k}zel kez and {K} }hep, subject to the following relations

(QLO) For any i €1
U= Kigay
(QL1) For any 4,5 € I, r,s € Nand h,h’ € b,
[\Ijzi:tw \I]J :ts] =0 [\ij:tw \Ij;fIs] =0 [\I]’L +r Kh] =0
KpKp = Kpyp Ko=1
(QL2) Forany i €I, k € Z and h € b,
Khxij,Ekajl = qiai(h)xz‘j,tk

(QL3) Forany i,j €I, e € {+} and l € Z

+ ia” i aij + +
Wik+1A}J q; 37 zk+l__qz WE A§z+1 Aaz+1@
for any k € Zx>¢ 1f5:+andk€Z<0 ife =—
(QL4) For any i,j € I and k,l € Z
:|: :I:a” + + _ :taz,‘l + + + +
Xz k+1X z X X’L Jk+1 T X Xg 141 XJ l+1X

(QL5) For any ¢,j € L and k,l € Z
Uro -
— i,k+1
[Xi—f_]gv XjJ] = 51‘3‘ _

where we set \IJ?,[sz =0 for any k£ > 1.
(QL6) Forany i #je€I, m=1—ay, k1,...,km €Zand l € Z

m
s | m + + + p+ + _
Z Z( 1) { s Xi)krr(l) Xi)krr(s)Xj)lXi)krr(s+l) Xi)kfr(m) =0
TeS,, s=0 qi

5.2. Category O, (U,(Lg)). We consider the representations of U,(Lg) whose
restriction to U,(g) is in category O and is integrable [31]. Let O,,,(U,(Lg)) be the
category of such representations. We briefly summarize the results of [30, §2.10-
2.13, §3.6]. (1) was proved in [5, 32].

(1) Define
0= Zklliszk Z\I!Z,cz

k>0 k>0

= _ZXiikzk X (2)* = ZXi

k>1 k>0
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Then on a representation V € O, (Uq(Lg)), there exist rational End(V)-
valued functions {W;(2), X;5(2)}, regular at z = 0,00 such that ;(z)%/>
and X (2)%/°° are Taylor expansions of W;(z) and X*(z) and z = 0/c0.

(2) Relations (QL1)—(QL5) can be written in terms of these rational functions
(see below).

(3) On a representation V € O,,,(Uy(Lg)) the relation (QL6) follows from the
rest of the relations.

Thus we can describe objects of O, (Uy(Lg)) in the following manner.

Definition. An object of O,,.(U,(Lg)) is an h—diagonalizable module with finite—
dimensional weight spaces V = @,cp+V,, and rational End(V)-valued functions
{W;(2), X (2) }iex regular at z = 0, 00 satisfying the following set of axioms:

Category O and integrability condition.
e There exist p1,--- , pur € h* such that V,, # 0 implies that pu < py, for some
k=1,---,r.
e For ecach p € h* such that V, # 0 and 7 € I, there exists N > 0 such that
Vi—na; = 0 foralln > N.

Normalization condition.

o U;(00) =V, (0)"t = qf”v =: K;, and X(0) = 0.
Commutation relations.

(QL1) For any i,j € I, and h, h' € b,
(Wi(2), Uj(w)] =0 [¥i(2),h] =0
(QL2) For any i € I, and h € b,
[h, X5 (2)] = £ai(h) X (2)
(QL3) For any i,j € 1

+a;i;
(2 — ¢ " w) Wy (2) X (w)
= (g "7z — w)XF (W) W(2) — (¢ — g7 )g; T wXE (] T 2) Ty (2)

(QL4) For any i,j €1

(= —q; "

=z (Xii(oo))(ji (w) — qiia” in (w))(ii (oo)) +w (in(oo))(ii () — qiia” Xii (z))(ji(oo))

W)XE(2)XE (W) — (g 2 — w)XFE (w) X (2)

(QL5) For any i,j €1
(z —w) X (2), X (w)] = _ %

5.3.

Lemma. Let V € O, (Uy(Lg)) and let ¢ € I. Then the set of poles of VU;(z) is
contained in the set of poles of Xt (2) (resp. X (2)).
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PROOF. Consider the relation (QL5) and its limit as w — oo. Then we get

(0 — g DIXT (2), X7 (00)] = Wy(2) — ¥4(0)

which proves the + case of the assertion. The — case is proved similarly by taking
z — oo limit of (QL5). O

5.4. Classification of irreducible representations. The following result was
obtained in [11] for the case when g is finite-dimensional simple Lie algebra (see
also [10, Chaper 12]). For the general case of symmetrisable Kac-Moody algebras,
see [31].

Let v = {’Yfim}iel,meN be a collection of complex numbers and p € h* such

A\
that *yfo = qii”(o” ) A representation V of Uy(Lg) is said to be an [-highest weight
representation of [~highest weight (u, ) if there exists v € V such that

(1) V =U,(Lg)v.
(2) X+v=0f0reveryi61andk€Z.
(3) ¥

zim

= *yfimv and Kpv = ¢*Mv for any i € I, m € N and h € b.

For any (u, ), there is a unique irreducible representation with [~highest weight
(1 7)-

Theorem.

(1) Ewvery irreducible representation in O,,.(Uy(Lg)) is a highest weight repre-
sentation for a unique highest weight (u, ’y)

(2) The irreducible representation V(p,v) is in O..(Us(Lg)) if, and only if
there exist monic polynomials {P;(w) € Clw]}ier, P ( ) # 0, such that

Syt =4 deg(p”P = Yimz

m>0 m<0

Note that we have u(a)) = deg(P;) and hence p is a dominant integral weight.
The polynomials P; are called Drinfeld polynomials. The set of isomorphism classes
of simple objects in O,,(Uy(Lg)) is in bijection with the set PY of pairs (u €
h*,{P;}) such that P; are monic, P;(0) # 0 and u(a)) = deg(P) We denote by
V(p, {P:}) the irreducible Uq(Lg)fmodule corresponding to (u, {P;}) € PY.

6. CONSTRUCTION OF THE FUNCTOR

The aim of this section is to construct a functor © from a dense subcategory of
Oint(Uq(Lg)) to ﬁh,r(g)'

6.1. Non—congruent representations. A representation V of U,(Lg) is said to
be non-congruent if for any a # 3 poles of X;"(z) (resp. X, (2)) af~! & p”. Let
OX¢(Uq(Lg)) be the full subcategory of O,,,(Uy(Lg)) consisting of non-congruent

representations.
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6.2. Contours. By a Jordan curve C we shall mean a disjoint union of simple closed
curves in C, the inner domains of which are pairwise disjoint. For C a Jordan curve
and f a continuous function on C, we set

ﬁf(u)duz%/cf(u)du

The definition of the functor © relies upon the following choice of contours of
integration. For V € O,,.(U,(Lg)), p € h* a weight of ¥V and ¢ € I, we choose a
contour Cli such that

° Ciﬁ,:u encloses a representative (modulo Z) of each pole of Xii (exp (2meu))
acting on weight space V,,.

° Ciﬁ,:u does not enclose any Zo7 translates of the poles of Xii (exp (2miu))
acting on weight space V,, and V,+q,.

6.3. Main construction. Given V € ON°(U,(Lg)) we set ©(V) =V as a diago-

int

nalizable h—module. For each weight € h* of V and ¢ € I we define operators
®;(u), X5 (u, \) on V), as follows:
(1) Define
G (z) = [ & wi(p™2)) (6.1)
n>1

Note that Gf (z) satisfy the following multiplicative difference equations

GH(p2) = [KiWi(p2)] ' Gf(2)  and Gy (pz) = [K;7'Wi(2)] Gy (2)

3

Since K;¥,(0) = K; 'W,(c0) = 1, these equations are regular near z = 0, 0o
respectively. Therefore, it follows (see e.g., [41]) that G5 (z) are holomor-
phic in a neighborhood of z = 0, 0o respectively and G (0) = G (c0) = 1.

®;(u) = G (2)Wi(2)G;

% (Z) ’z:cxp (2meu) (62)

Hence, by construction ®;(u) is 1-periodic and we have
O, (u+7) = K, 2®;(u) = e 200 , (1)
(2) Define

%}(u, A) = czi 7{# %G}(exp (27TL’U))XZ-i (exp (2mv)) dv (6.3)

where A; = (A, ;). And we consider the right-hand side as defining a
holomorphic function outside of the shifts of the contour C;E# by elements
of the lattice A.. Moreover, c;t are constants which are to be chosen to
satisfy the following
ot (0)2
+.— _ 2
Ci Ci - (27TL) 9+ (dlh)2 (64)
Remark. The operators defined by (6.3) are independent of the choice of the
contours Cij,[u satisfying the conditions of §6.2. This is because, by (6.1) and Lemma
5.3, the poles of Gi(z) are contained in p%s°-multiples of the poles of Xii (2). In
particular, G (exp (27uu)) are holomorphic within Cij,[u'
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Theorem. The operators constructed above satisfy the axioms of §2.3. Hence we
obtain a functor © : ONS(Uy(Lg)) — L, (g) which is faithful and exact.

int

6.4. Leti,j € I and set a = d;a;;//2. Consider a contour C with interior domain
D and Q;,Q, C C two open subsets with D C Q,. Assume given a holomorphic
function f(u,v) : Q1 x Q2 — End(V) such that [¥;(exp (2mu)), f(u,v)] = 0 for any
u,v. We have the following analog of [30, Proposition 5.5].

Proposition. For each e € {£1} we have:
(1) Ifug D+ ea+7Z, then

271'Lu il 27TL’U 627”(u+6a) — et o 27w
Ad f u, U ) dv = o e2mu eQTrL(eréa) f(u U)XJ ( ) dv

(2) Foru ¢ D+ 7Z =+ ea+ Z<oT, we have

Ad(G] (e*™)) ilj{fuv (2M)dv:j§

C

(e Y™ iy ()

0t (u— v —ea) J
(3) Foru ¢ D+ Z =+ ea + Z~oT, we have
0~ (u—v+ea) £
27rLu il 27rw € ( 2mv
Ad( f.f u, U ) dv = fé (m) f(’UJ,U)Xj (8 ) dv
(4) Foru & D+ ea+ A, we have
O(u— v+ ea) =
:tl 27rw . 2T
ff u, U ) dv fé <m) f(u 'U)XJ (6 ) dv
6.5. Proof of (£93). Let 4,j € I and let a = d,a;;i/2. For A € h*, we write
Aj = O‘vaj)'

Using the definition of in(v, A) given in (6.3) and Proposition 6.4, the left-hand
side of (£Q3) is given by

O(u—v" £a)0v—1v"+N;) / /
+ + 2L + 21 /
¥ ?ii H(U—U’qia)@(v—v)ﬁ(/\)G ( )Xﬂ' (e )d”

and by definition the right-hand side of (£Q3) is given by a similar contour integral

cj': féi K(u,v,v )GJjE (627”UI) in (82”“’/) dv’

where
Olu—vEa)f(v—v + N £2a) n 0(£2a)0(u —vFa—XN)0(u—v' 4+ \j £a)
Ou—vFa)d(Nj £2a)0(v—2")  O(X)0(u—vFa)d(\ £2a)0(u— v Fa)

Thus we have to prove the following identity

IC:

Ou—v' xa)b(v—o"4+2X;) Ou—vEa)d(v—2 + X\ +2a)

O(u—v' Fa)blv—0)00\;)  O(u—vFa)f\; £2a)0(v—1)
0(£2a)0(u —vFa—X)0(u—v' + X £a)
O(N)0(uw—vF a)d(N; £2a)0(u—v' Fa)
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Clearing the denominator, the required identity takes the following form (where for
notational convenience, we write b = +a).

O(u—v" +b)8(v —v" + X\;)0(u — v —Db)I(\; + 2b) =
0(u—v+b)0(v—v'+X;+2b)0(u—v'—b)O(N;)+0(2b)0(u—v—X;—b)O(u—v"+X;4b)0 (v—0")
which is precisely (FTI).

6.6. Proof of (£94). Let 4,5 € I and let A € h*. Let us write b = +a where

a = dia;jh/2 and A\, = (A, o) for k = ¢,j. With these notations in mind, the
left—hand side of (£Q4) can be written as

L.H.S. _Cici]{i]{i DGE () & () GF () 2 () du !
c; JC

where
6‘()\i + /\j)H(u — v — b)b‘(u —u' + N+ b)@(v —v + Aj— b)
O(u—u)f(Ni +b)0(v —v")0(N\; —b)
Olu—v—X)0(u—uw + X +b0)0(u—v 4+ X+ X —b)
O(u —u)0(u+ N —v)O(N\; —b)
Olu—v+X)0(v—u + X+ X +b)0(v—0v + X —b)
B v+ N —u)0(v—v")0(\; + D)
Similarly, the right—hand side of (E Q4) is equal to

RIS, = ¢t 7{ . 7{ . e ) gk () GF () xF () dd !
C C;

Claim: We have the following identity. In particular, I(b) = 0 for v’ —v' —b € A,.
O —v" +b)I(b) = 0(u' — v —b)I(=b)

The proof of this claim is given in the next section. Assuming this, we can finish
the proof of (£Q4) as follows. Using Proposition 6.4 we have

o () ) a1 o) -

61 () f 10— ar () a (o) a6

1(b) =

as long as v’ does not lie in D +Z F a = Z~o7. However, using the claim above, the
integrand on the right—hand side is regular on C + Z F a F Z~o7. This is because
the simple poles of 1/6%(v' —u’ + b) are cancelled by the zeroes of I(b).

Thus multiplying (6.5) by in (827””,) and integrating v" over the contour Cj-[,
we obtain the following expression for the left-hand side of (£94) divided by c;tcji.

—u - )Gi ( QﬂLu’) Gi (6271%1/) Xi (eQWLu’) Xi (6271%1/) du/ d’Ul
ct ci (v —u' +0) ! ‘ !

Similarly, the right-hand side of (£Q4) divided by c + is equal to
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f 1wt (e 6 () () o ()

Using (QL4) this expression can be rewritten as

j{ f —v - b)
e Jer 0% (' — v +b)

2m(v'4+b) _ 2muu’ , , , /

e € G;I: (8271-Lu ) G;t (6277“) ) Xii (6277Lu ) XJ:I: (6271'“) ) du/ dv/
Thus, it suffices to check that

OF (v —u' —b) _I(-p)
iE= (’U/ —u+ b) - ’ES (’U,I — v+ b) e2mw’ _ p2mi(u’+b)

’ 8277“/ o eQﬂ'L(u’er)

I(b) ei (’U,I o — b) 6271'[,(U/+b) _ 6271'Lu/

Using the claim, this equation is equivalent to the following

6F (v —u' —b)
0+ (v —u +b)

which follows directly from (2.3).

e A A 2w (v 4+b) _ 2mu’
o' — ' —b) z (u'—v' —b)e e

=0(u" —v" +b) E(u — v +b) e2mv’ — e2mi(w/+D)

7. Proof of the claim. Recall that I(b) = T1(b) — T2(b) — T3(b) where we have

T (b) — 9(/\i+/\j)9(u—v—b)@(u—u'—i—)\i+b)6‘(v—v’+)\j —b)

1(b) = 0(u— u')O(N; + b)8(v — v')8(\; — b)
COu—v—=X)0(u—u + X +D0)0(u—v" + N+ N — D)

T2(b) = B — )8+ N — 0)B(%, — D)

T (b S Ou—v+XN)0(v—u X+ N+ b)0(v ="+ A — D)

3(b) = 0(v+ A — u)0(v — v )0(N; + b)

Using (FTI) we can easily verify that

0(20)0(u —v — )0 — v + Xj)0(u —u' + X + X))
O(u —u')0(\; —b)O(\; + b)
0(20)0(u — v+ X)W — v — A)B(v — v + X + Aj)
B 0(v — v")0(N; — b)O(\; + b)

O(u' —v" +0)Ta(b) — O(u' — v — b)To(=b) =

O(u' —v" +0)T3(b) — O(u' — v — b)T3(=b) =

Using these, we get the following:

O(u—u")0(v—0")0(Ni—b)O(Ni+b)O(N; —b)O(N;j+b) (0 (v —v'+b) I (b)— (u'—v'=b)I(—D)) =
Olu—v—0)0(u" —v" +b)0(u—u' + X +b)8(v—v"+X; —b)d(N\; + ;)N —b)O(\; +b)
—O(u—v+b)f(u —v" =b)O(u—u'+ X, —b)f(v—0"+X;+b)0(N; +X;)0(N\; +b)O(\; —

—0(u—v =)0 — v +X))0(u—u + X + X;)0(uw—u)I(N; + b)O(\; — b)6(2b
+0(u—v+ X)) — v —X)0(v—v + N+ Nj)0(v — )0\ + b)O(N; — b)O(2b)

)
)
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We need to prove that the right-hand side of the equation written above is zero.
The following is a standard argument involving elliptic functions. Let us keep all
the variables, except for u fixed and define:

Fi(u) = 0(u—v—b)0(u'—v'4+b)0(u—u'+X;4+b)0(v—0"+X;—b)0(Ni+ ;)0 (N; —b)O (A, +b)
—0(u—v =)0 — v +X;)0(u—u + X+ X\j)0(u—u)O(N; +b)O(N; — b)0(2b)
+0(u—v+ )0 — v = X)0(v =0+ X+ Xj)0(v —v)O(N; +b)O(N; — b)(2b)

Fy(u) = 0(u—v+b)(u' —v'—b)0(u—u'+X;—b)0(v—v'+X;+b)0( N+ )0(Xi+b)0(N\; —b)
Note that both these functions have the same quasi-—periodicity properties:
Fs(u + 1) _ —Fs(u) and Fs(u + 7_) _ _e—3w76—2m(3u—v—u/_U/+2)\¢)FS (u)

Also Fy(u) has zeroes at u = v —b and u = v/ — \; + b (modulo A;). The fact
that Fy(v—>b) =0 and Fy(u' — A\;+b) = 0 is an easy application of (FTI). Thus we
deduce that Fy /F5 is a holomorphic doubly—periodic function of w implying that it
is a constant, say C' (constant here means independent of u). To get that constant
we use (FTI) again to conclude that Fy(v + b) = Fy(v 4 b), hence this constant
must be 1. This proves that I} = F5 which implies the desired claim.

6.8. Proof of (£95). Leti,j € Tand Ay, A2 € h* such that Ay +X2 = A(p+a;—a;).

Let us write ¢ = (cjcj_)_l, so that

c[X] (u, A1), X5 (v, A9)] = ]{ ]{+ TG (ezmu/) Xt (627”“/> Gy (62”“’/) Xy (62’””/> du’ dv'
¢ Je;

_ TG (eZTrw/) X (627TL’U/) G+ (6271'Lu/) XJF (GQWLU/) du' dv'
¢ Jecf ! ! ' Z

where

T_ 9(u —u + )‘1-,1') 9(’0 —v' + )\2&)
9(’& - U/)Q(Alyi) 9(’0 - U/)o(/\gyj)
We would like to apply Proposition 6.4 in order to permute the factors Xi"’ and

G} in the first term, X and G in the second. This cannot be done directly

however, since v € C;” may lie inside EJF —a+7Z+ Z-o7 (and similarly for ).
This problem was encountered in [30, §5.9] and we employ the same method as in
there to circumvent this. Namely, let § € C and define

1) = §_§ TGE (mee0) s (o) 65 (e300 a7 ()
e Je;

_% % TG; (627TL('U/76)) Xjf (627rw/) G:r (6277L(u/+5)) XiJr (6271'“1,/) du' dv'
¢y Jet

We consider this integral for § in a disc |§] < R, where R is such that G and
G are holomorphic in D;" + 6 and D; — ¢ for any & with |§'| < R.

Moreover, if the contours C;r and C; are small enough, there is an r < R such

that if |§] > 7, then D; — 4§ is disjoint from E+ —a+7Z+ Zsot, and E+ + 4 is
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disjoint from D; +a+Z + Z<oT.

Assuming r < |§] < R, we can apply Proposition 6.4 to find that J(d) equals

7{ ‘i+ ZI Z :Z i‘Zig G:r ( 27 (u’ +6)) G] ( 2me (v’ —6)) X;r (e2mu/) x; (e ( 2mv) du' dv'

f T 0 (o e (o) ) aar

where we have used that 6% (u) = 0~ (—u). Using (QL5) we get that the right—hand
side is zero for i # j. From now on we assume that ¢ = j and hence a = d;h. Then

we get

R S e G L Gy

6271'Lu'\111_ (e2ﬂ'wl) _ e27rw/\IJZ_ (GQTFLU/)

!/ !/
e2mu’ _ o2mv’ du” dv
Writing
’ ’ ’ ’
eQTrLu \Ilz (627rw ) _ eZTrw \I]i (6277Lu )
827rLu/ _ 8277“/ =
’ ’ ’ ’
6727rw \Ijz (6277“) ) o e*Qﬂ’Lu \I/’L (6271’“1. ) -
u — v : e—27rw’ _ 6—277Lu’

and taking the two contours to be equal, say C, we can apply [30, Lemma 5.8] to
conclude that

a0 = f Tt (7 +9) 6 (0w ()
(6.6)

where T = T| that is,

v'=u"

9(’(1, —u + )\1)1‘) 9(’0 —u + )\2)]')
9(’(1, — u’)ﬁ(/\u) 9(’0 — u’)ﬁ(/\gd)

7_—(:

Now both sides of (6.6) are defined for |§| < R. Thus we conclude that J(0) is
given by

Jr ’ ’ ’
(q —q; 1)J(0) _ 1 0 EZ%Z§ f,]_-G:_ eQﬂLu Gl_ (eQﬂLu ) \Ilz (6271’“1.) du/
_ 1 07(dih)
= 21 60— (d;h) f T
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Thus, we have the following

B cher 07( dh 0(d
O(dh)[X] (1w, M), X (v, A0)] = 5= ) qi — 7{7@

_ (271)? 9"'( )2 9+ dh ]{Tq)
2w, 6%(d;h)? 0~ —q; !

= %7@1(1/) du’
C

where we use the equation (6.4) in the second equation and (2.3) in the third.

In order to carry out the computation, we note the following identity which
follows from (FTT) upon clearing denominators:

Olu—u +z) Ov—u —x+1t)
O(u—u)0(x) O(v —u)0(—z +1t)
Olu—v4+x)0v—u+t) Ou—v+ax—1t)0(u—u +1)
O(u—0)0(x) (v —u)B(t)  O(u—v)0(z —t) O(u — ' )O(t)
and letting ¢ — 0 in the equation above, we get

Olu—u +2) O(v—u —2x) _

0(u = w)0() 0o — w)o(—2)
Ou—v4z)0'(v—u) Ou—v+a)l(u—u)
Olu—v)(z) O(v—u')  Olu—v)d(z) 0

B O(x) Ou—v+zx)
B(u—0)0(z) 0(z) | O(u—0)0(z)

Thus, using the fact that A\ + Ao = Ay, we obtain the following expression for
T:

e If y; # 0 then

= O(u—v+ A1) 0(v—u' + hp;)
0w —v)0(A1;) O(v — u)O ()

+

o If u; = 0 then
7 _ Olu—v+A) 0'(v =) Blu—v+A) 6 (u—u)
O(u—0v)0(N1 ;) Olv —w')  O(u—0)0(A1;) O(u—u')
Olu—v—+ X)) 0 (M) 0(u—v+Aiy)
C 0w —0)0(\i;) 0(0) 0w —0)0(A1y)
We substitute these expressions for 7 in

0(d;h)[ X (u, A1), X7 (v, A2)] = ]fcﬁbi(u’)du’

— |~

Note that the last two terms in the formula obtained for T for the case when
i = 0 will not contribute to the contour integral, since in this case ®;(u) is a
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doubly—periodic function and hence the sum of its residues will be zero.
Finally the relation (£95) follows from the following general result about doubly
quasi—periodic functions.
6.9.
Lemma. Let f(u) be a meromorphic function such that

flu+1)=f(u) and  flu+7)=e"""f(u)

Choose S C C a (finite) set of representatives modulo A, of the poles of f(u) and
let C be a contour enclosing S and no other poles of f(u). Then

e Ifa=0 then
_ el(u B u/) / /
f(u) —]gmf(u)du + K
where K is a contant.

o Ifad A, then

_ e(u_ul+a) u/ u/
flu) = § G () d

PROOF. This lemma is the analogue of partial fractions for doubly (quasi) periodic
functions. The proof is a standard exercise in complex analysis, see e.g., [45, Sec-
tion 21.50], and is given here solely for completeness.

For each b € S consider the Laurent series expansion of f(u) near u = b:

flu) = Z (u_fb% + regular part

Define a new function f(u) as:
o If a = 0 then

TN (=0u)" (0'(u—1b)
Fu) = bezs Jom n! ( O(u—10) )
neN

e If a & \; then

_ (=0,)" (O(u—b+a)
fu) = bezs N <9(u — b)9(a)>
neN

Note that f(u) is the right-hand side of the required equations. It remains to
observe that both f(u) and f(u) have the same periodicity properties. Moreover

/
since both %((f)) and zg)—g(g are of the form x=1 4+ O(1) near x = 0 (here O(1)
stands for an element of C[[z]]), we get that f(u) — f(u) are holomorphic. The
result now follows from the fact that every doubly periodic holomorphic function
has to be a constant, and the only double quasi—periodic holomorphic function is
zZero.

O



38 S. GAUTAM AND V. TOLEDANO LAREDO

7. FACTORIZATION PROBLEM

7.1. Set up and statement of the problem. Let V' be a finite-dimensional
vector space over C and K € Aut(V) be an invertible operator. Assume given a
meromorphic function ® : C* — End(V') such that

[K,®(2)]=0 and B(pz) = K 2®(2)

2mer

where recall that p = ¢ is a non-zero complex number with |p| < 1.

Factorization problem. Find H*(z) meromorphic End(V)-valued functions of
a complex variable z € C* such that
(F1) ®(2) = H (2) 'H (2).
(F2) [K,H*(z)] = 0.
(F3) H*(z) are holomorphic and invertible in a neighborhood of z = 0, 00 re-
spectively.
(F4) H™ (c0) = 1.

Note that we do not impose any normalization condition on H™(2).

7.2. Coefficient matrix. Assuming_Hi is a solution to the factorization prob-
lem stated in section 7.1, we define A(z) := H~(pz)H (2)~!. By the periodicity
condition on ®(z) and (F1), we have

A(2) = K2H  (p2)H* (2) 7' = H™ (p2)H™ ()"
Since H* are regular near z = 0, oo respectively, A(z) is a meromorphic function
on P! and hence a rational function of z. Moreover, we have
A0)=K?% and A(c0)=1

Let A(z) = KA(z) so that A(c0) = K = A(0)"!. We refer to A(z) as the
coefficient matrix.

7.3. Isomonodromy transformation. If Hi¥ and HF are two solutions of the
factorization problem (section 7.1), then we have

Hy (2)H, (2)™" = Hy (2)Hy (2)7"

Since the left-hand side of this equation is regular at 0 and the right—hand side is
regular at oo, the resulting function is again a rational function. Let us denote it
by G(z) = Hi (2)Hit (z)~'. This rational function is regular at both 0 and oo and
G(0) = 1.

Let A;(z) and Ay(z) be the cofficient matrices defined using the solutions H:-
and HQi of the factorization problem, respectively. Then we get
Az(2) = KHy (p2)Hy (2)™" = G(pz) K Hy (p2)Hy (2)7'G(2) ™!
= G(pz)Ai(2)G(2)"
Given two subsets S7,S2 € C*, we call the pair (S7,S2) non—congruent if
alaz_l ¢ p’# for any ay, € Ss, s = 1,2. We shall also say that S C C* is

non—congruent if it is non—congruent to itself. We have the following analog of [30,
Proposition 4.11].
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Proposition. Let Py, Z, C C* be the set of poles Aq(z), As(z)™1 respectively
(s =1,2). If the pairs

(Zlupl)v (2277)2)7 (2’71722)7 (P17P2)
are non—congruent, then Ay = As. And therefore, Hli = HQi

7.4. Existence of a factorization in the abelian case. Now we turn our at-
tention to finding a solution to the factorization problem, under the assumption
that [®(z), ®(w)] = 0, for every z,w € C*. Using Lemmas 4.12 and 4.13 of
[30], we have the Jordan decomposition of ®(z) = ®g(z)Py(z). Let P,Ps,Pu
be the sets of poles of ®(z), Pg(z), Py(z) respectively, and Z, Zg, Zy those of
®(2)" 1, ®g5(2)" 1, @y (2) ! respectively. Then we have the following (see [30, Lemma
4.13))

(1) P=PsUPy and Z = Zg5U Zy.

(2) Pu =Zy.

We provide a solution to the factorization problem in the semisimple and unipo-

tent cases respectively in Sections 7.5 and 7.6 below.

7.5. Semisimple case. Assuming both K and ®(z) are semisimple, we can restrict
to their joint eigenspace which reduces the problem to the scalar case. Let n € C*
and ¢(z) a meromorphic function be a joint eigenvalue of K, ®(z). Then by general
theory of elliptic functions we have

u — CLl
=C
H 9 u — bl
where by the quasi—periodicity of ®(z) we have

1 = exp <7TL > (- al)) (7.1)
I

Now using the expression (2.3) for the theta function, we have the following
solution to the factorization problem:

1 z—a\ 0% (u—ay)
_CH(Z—['}[)QJF(’UJ—I)Z)
u—al

9 u—bl

s—e2miu

2men

where the change of variable z = e is understood.

7.6. Unipotent case. Now we assume that both ®(z) and K are unipotent. This
enables us to take logarithm in order to convert the problem to an additive one.
Namely, we have the following periodicity property

log(®(pz)) — log(®(2)) = log(K~?) (7.2)
and we are required to find h*(2), regular at 0 and oo respectively, such that
h™(c0) =0 and

log(®(2)) = h™ (2) — b (2)
The problem again reduces to the one for a single function. Let ¢(z) be an entry
of the matrix log(®(z)) and k € C be the correspoding entry of log(K~?2), so that
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we have ¢(pz) — ¢(z) = k. Again, from the general theory of elliptic functions, we
have the following expression for ¢(z):

Zfan (e(u_a))
neN

where P C C is a choice modulo A, of representatives of poles of ¢ (62’”“), and

—27TLZa fa,O = k

Using the equation (2.3) we obtain the following solution

Z fa n 8n+1 ((eﬂ'L’u. _ efﬂ'L’u.)oJr(u _ CL))

a€P
neN

W)= D an oy s (=)

a€P
neN

Note that h*(0) = =7y cp fa0 = k/2.
7.7. Let us define G~ (2) = H™(z) and GT(2) = H"(2) "t A(2) 7!, where A(z) was

defined in Section 7.2, so that ®(z) = G*(2)A(2)G ™ (z). As a consequence of the
explicit factorization given in the previous two sections we have the following:

Corollary. GT(0) is semisimple. More precisely, if V' C V is a generalized
eigenspace for ®(z) with the following generalized eigenvalue

CH@u—bl

Then for the solution given in Section 7.5, G¥(0) = C on V.

8. THE INVERSE FUNCTOR

8.1. From now on we fix a subset S C C subject to the following conditions

e a#beS=a—-b¢g A,
e SEi =3
e S is in bijection with C/A, under the natural surjection C — C/A..

Let us assume that V € L -(g) is a A-flat object. We consider the factorization
problem for the functions ®;(u) € End(V). Using Proposition 7.3, Section 7.4 and
Proposition 4.11 we get

Proposition. There exist unique functions G (z), ¥;(z) € End(V) such that
(1) @;(u) = G (2)Wi(2)G; (2) where z = e2™¥,

(2) GF(2) are holomorphic and invertible near z = 0,00 respectively. W;(z) is
a rational function of z regular at both z =0 and occ.

(3) G (00) = 1.
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o(GE(2) U pt™S* and o(¥;(z)) C S

n>1
where S* = {exp(2mes) }ses-

8.2.  Combining the results Proposition 8.1, 4.11 and Corollary 7.7 we get that for
every generalized eigenspace V[B] the functions B;(u) have the following form:

u—c i O(u—c,, —dih
Bi(U)ZCi(ﬁ)He( a( ’k+dh)H (O(u;lcfl) ) (8.1)

U= Cik) ;

where the numbers ¢; i, ¢} ; € S.

And the matrix G;(0) is given by:
= Ci(B)ldy (8.2)
B

8.3. Second gauge transformation. Consider the following zero—weight End(V)-
valued function, which is given by the following expression on a weight space V,

o) =exp [ 33 (A+ Gy ) m(GF )

jel

We conjugate V by the automorphism given above to obtain V¥ which is man-
ifesly isomorphic to V with isomorphism given by ¢(A). Again V¥ = V as bh-
diagonalizable module and the action of {®;(u), XF(u, \)} on a weight space Ve is

given by:
h
= <)\ + ozl> D;(u)p </\ - 50@)

Ao\ !
.'fi%" (u, \) (p<:|: u:l:ozl)+2az) XE(u, )
-p

h h
(it

Proposition. V¥ € L -(g) and we have the following
(1) The generalized eigenvalues of ®f (u) have the following form

H O(u — ci ) + d;h) H 0(u —c;; — dih)
O(u —cik) O(u — Cé,l)

k l

where the numbers c; i, Cé,l €S.
(2) GI?(0) = 1= G—%(o0).

(3) For eachi €1, beS andn € N, X572 () is independent of \.

i;b,n
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PROOF. We begin by computing the action of ®7(u). Consider a generalized
eigenspace V[B] where B consists of I-tuple of functions (B;(u)) given by (8.1).
On this generalized eigenspace @7 (u) acts by:

1
OF (u)lyg = exp | & > (—hai, @) ) In(Ci(B)) | i(u)lyg
jel

=Ci(B)™" @i(u)lyg

This implies that the shifted conjugation by ¢ of ®;(u) is independent of A, as
we require. Moreover we obtain (1) and (2) of the Proposition.

Let us consider the raising and lowering operators now. Using Proposition 3.5
we know that between two generalized eigenspaces V,[B] and V,+q, [B*] these
operators are of the form:

XE

Jib,n

U2 Oéi
() = =2t (o)
and in this case the constants from (8.1) are related by
Ci(B*) = Ci(B) )

With this information in mind, we can compute the shifted conjugation.

1
X = CF exp (g D 2mih(o®, ) (FA. wz>> 2D, L (0)
kel
_ O:I:e:FQﬂ'L()\,oci)e:I:27rL()\,ai)X;t;b)n(O)

= Cix'ib,n (0)

s

where we have used the fact that \ € ? = Ziel Ca; to conclude that
Z()‘v wl\c/)(av ak) = (A a)
kel

for every a € Q. The constants C* appearing above are independent of A. They
can be easily computed from the definition:

C* = C;(B) " exp (—mih(ay,ah))

C™ = C;(B) ?exp (—3mih(aj,a”)) exp (—27TLFL Z(u, @) (o, ak)>
kel
This calculation together with the partial fraction expression of the raising and
lowering operators from Lemma 3.2 implies both (3) and the fact that the resulting
representation V¥ is in Ly - (g). O

8.4. Definition of category E,S:M(g). Let E%T(g) be the full subcategory of Ly, - (g)
consisting of V which satisfies (1) of Proposition 8.3. That is, if for each i € I, the
generalized eigenvalues of ®;(u) acting on V are of the form:

H O(u — cip + d;h) H 0(u — ¢, +dih)
O(u —cik) O(u — c;)l)

k l
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where the numbers ¢; i, ¢, , are in S. For future referece, we record the following
consequence of Proposition 8.3

Corollary. Every object of Ly -(g) is isomorphic to some object of E;Sm_(g).

Later we will also need a C-linear analogue of E,Sw(g) which we define as follows.

Let L,S;L)T(g) be the category whose objects are same as those of ﬁ%T(g) while its
morphisms are the usual C-linear homomorphisms commuting with the action of
b and {®;(u), X (u, A)}-

Following [30, Section 3.5] we consider the full category O3 (U,(Lg)) of O.,.(U,(Lg))
consisting of V for which the poles of {¥;(2)*!} lie in exp(2mtS). We refer the
reader to [30, Theorem 3.8] for several equivalent characterizations of O3 (U,(Lg)).

8.5. Choice of contours. Since V and V¥ are isomorphic, we identify the two
and thus omit the superscript ¢. In the next section we define an action of U,(Lg)
on V which relies upon a choice of contours. Let u € h* be a weight of V and i € 1.
Let Cl-i be a Jordan curve such that

° Cij,[u encloses all the poles of %j[ (u, A) in the spectral variable u, which are
contained in S, and none of their translates under A, \ {0}.

o Cli does not, enclose any A \ {0} translates of the poles of ®;(u),".

Note that such a curve exists since the poles of ®;(u)™*

Proposition 4.11, and the latter is non—congruent.

are contained in S by

8.6. Inverse construction. Let ¥;(z),GE(z) be the End(V)-valued functions
given by Proposition 8.1. Let us write V = Z(V) = V as h-diagonalizable module
and define operators W;(2), X5 () on the weight space V,, as:

(1) W,(z) as given by Proposition 8.1.

(2) Foreachi el

1 i AN
X (2) = — /ci me (™)™ X (u, \) du (8.3)

G

where the contours Ciiu are chosen as in section 8.5 and the constants czi

are as in (6.4). Note that by (3) of Proposition 8.3 the resulting operators
are independent of \.

Theorem. The operators W;(z), X(2) defined above satisfy the relations of U,(Lg)
given in Section 5.2 and hence define a representation =(V) € O3 (U,(Lg)). More-

over ©(Z(V)) = V and for any V € O (U,(Lg)) we have =Z(©(V)) = V. In
particular, the categories E%T(g) and OS5 (U,(Lg)) are isomorphic.

int

PROOF. We need to verify the axioms of Section 5.2. Note that the category O and
integrability condition holds by the corresponding assumption on V. The normal-
ization condition follows from Section 7.2 and the definition of X (2).

The relations (QL1) and (QL2) are immediate. After working out the com-
mutation relations between Gf (z) and operators defined using contour integration
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involvoing X3 (u, \) in Section 8.7, we prove the relations (QL3), (QL£4) and (QL5)
in Sections 8.8, 8.9 and 8.10 respectively.

The fact that the commuting operators on V and V are the same follows from
the uniqueness statement of Proposition 7.3. The proof for the raising and lowering
operators is given in Sections 8.11 and 8.12. O

Restricting to the category L%T(g) defined in Section 8.4, we obtain the following.

Corollary. The functors @5 : OF (Uy(Lg)) = L3 (g) and =5 : L} _(g) — O%, (Uy(Lg))

are inverse to each other and hence the two categories are isomorphic.

8.7. Commutation relations. Now let ¢,j € I and a = d;a;;i/2. Consider a
contour C with interior domain D and ;1,9 C C two open subsets with D C
Qy. Assume given a holomorphic function f(u,v) : 1 x Qo — End(V) such that
[®;(u), f(u,v)] =0 for any u,v.
Proposition. For each e € {£1} we have:

(1) Ifug D+ ea+Z, then

eQTrL(quea) _ e2mw +1

Ad(V, (ezmu))il j{C fu,v)X5(v, A) dv = j{c <€2mu - eQﬂ'L(erea)) fu,v)X5(v, A) dv

(2) Foru ¢ D+ 7Z =+ ea+ Z<oT, we have

tu—v+ea)\
Ad(Gf (e%w))iljgf(u,v)%j(v,)\) dv :ﬁ (M) f(u, ) X5 (v, A) dv

(3) Foru g D +7Z + ea + ZoT, we have

Ad(G} (62““))ilj€f(u,v)3e;(v,x) dv = ﬁ(

8.8. Proof of (QL3). Let ¢,j € I and set a = hd;a;;/2. We need to prove that

0~ (u—v+ea)
0= (u—v — ea)

+1
> f(u, v).'f;(v, A) dv

+aij; +ai; Fai;\,,tai;
" g “z—w 4 (q; —qT)gTw Ly gay,
Ad(Ti() X (w) = T X (w) — X (g " 2)
z—q; "w q

Using the definition (8.3) and (1) of Proposition 8.7 the left—hand side of this
equation becomes

:ta..
1 ¢ Tz-—w  w " —1
LHS. = — d GT (™) X (u, \) du
¢ Je, z— g " w w— v 7 () X )

where for notational convenience we wrote w’ = 27,

Similarly the right-hand side takes the following form

RH.S. = ii/ lC(z,w,u)G;-t (627”“)71 %;t(u,)\)du
G Je

where
+ai; +ai; g y
Koy~ 2w _w @ et
Z,W,u) = *a;; ) _ gtai; *aij
z—q; Tww—w Z—q w z—q; "w



ELLIPTIC QUANTUM GROUPS 45

Thus the relation (QL3) reduces to the following algebraic identity which can
be checked easily:

:i:aij !
¢ “z—w w
K(z,w,u) = o p
z—gq; TwwW—Ww

8.9. Proof of (QL4). Fori,j €I, let a = hd;a;; /2. We need to prove the following
relation:

(2 — ¢; "W)X (2) X (w) — 2 (00) X (w) + ¢ wXE (2) X (00) =
(g; "2 = w)XEW)XE(2) — g ™ 2 (w)XF (00) + wXFE (00) X5 (2)

l

Let us take A € h* and let
h h
)\1 :)\Zl:—Oéj and )\2 :A:F—Oéi
2 2
Again using (2) and (3) of Proposition 8.7 and the definition (8.3) we find that
the left-hand side multiplied by cj"¢; is given by

J

//Il(z,w,u,v)Gli (62’”“)_1 GF (e*™)” f{i(u )\1)% (v, A2) du dv

where (we write 2/ = e2™% and w' = 2™V):

zw(z’ — qia” w 0% (v —u+a)

Il:(z—z)( —w') 0 (v —uFa)

Similarly the right—hand side multiplied by cf cji equals

//IQ(Z;U);U7'U)GZ:-|: (62’”“)_1 jS (62”“’)_1 %Ji(v,)\g)%f(u, A1) du dv

where
zw(qiia” 2 —w' 0F(u—v+a)

T2 = (z—2)(w—w') 0F(u —vFa)

Using relation (€ Q4) we can flip the X; and X; factors to get that the right-hand
side (multiplied by c ) is equal to

//Iz Z,W,u,v) EZ : Z I Z; GE (62’”“)71 Gy (™) %i(u A1) XS (0, Ag) dudv
Hence, in order to prove the relation (QL4), we need to check the following
identity
Olu—v+b) et — 2mvtl) gt (y — v 4+ b) 0~ (u — v + b)
O(u—v—b)  e2mlutd) — 2mv gt (y — v —b) 0= (u — v — b)

which follows directly from (2.3).
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8.10. Proof of (QL5). We will prove the following relation, for each i,j € I and
k,leZ:
V2PN O
[Xi-)’_]gv‘)(jj[] _ 517‘ z,k-i-—l _;,k-ﬁ-l
qi — 4q;
on a weight space V. Let A € h* and let us take Ay = XA and Ao = —A + Ap.
Again from Proposition 8.7 and definition 8.3 we get that the left—hand side is equal

to

L.H.S = Qm(kuﬂv) 07 (u—v—a) GF (627”“)_1 G> (eQﬂLv)_l .

0t (u—v+a) J

(%7 (u, M), X5 (v, A2)] dudv

Therefore, it is zero for ¢ # j by relation (£Q5). We now assume that i = j and
continue with the proof. Let ¢ = 1/(c; ¢; 6(d;h)). Then

U —d;h 1 1

LHS = C/ / 27 (ku+lv) Eu — hi G (6271'Lu) Gz (eQTrw) )
Ou vt M) gy 4 0=V = 20) 00 g
<9(u =600 " B = 00w )) dud

To continue with the calculation we use the same technique as in [30, Lemma
5.8]. Namely let C. be a small deformation of C contained in C. Then we integrate
with respect to u first over the contour C., to get:

0% (u—v — d;h) -1 -1
_ 27’I’L (ku+lv) + 2T - 2mLv
LHS = c//c< 9+(u—v+dh)GZ (e*™) Gy (e*™) .
9(’(1, — U — )\271')
(—9(u ~0)00) <I>Z(u)) du dv

Now we integrate this term with respect to the variable v. Note that the inte-
grand only has simple poles at v = uw within C. Using the fact that 6 is an odd
function, we get

0% (—d;h) -1 —1
LHS = ¢(2 pmelbtluZ LG (™) TGy (2T @(u) d
C( 7”) /C< € 9+(_ dzh> i (6 ) i (e ) (’U,) U

_ CI/ €27n(k+l)u\11i (6271'Lu) du
C<

= c'f AN (2) dz
C<

\IJz k+1 \I/z k+1

qi — qZ'
where we have used the fact that ®; = G W,;G; in the second line, the substi-
tution z = *™** in the third line and we have written ¢/ = 2mwicd~(d;h)/07 (d;h).
Note that by (6.4) we get
, 21 9+(dih)2 0- (dzh) 1

d = =

0(dih) (2m)267(0)2 6+ (d;h)  qi —q. !

by (2.3).
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8.11. Proof of @ 0= =1Id. Let V € Ly ,(g). By definition (6.3), X (u, \) acts on
© 0 =(V) by the following

Olu—v+ A 21w 2mw
cij{(uTMGi( ) XE (2™ do

B 2T AN
]{/ (u U+A>Gi(2m) e G () W N do

u _ 1) ) eQTrw _ eQﬂ'w’
Assuming C’ is contained in C, we integrate with respect to v first to get:
1 0(u — A
- / Olu—v'+ i) XEW,N) dv'
2L Jor O(u —v")0(N\;)
This is same as %}(u, A), since both functions have same quasi—periodicity with

respect to shifts under 7 and their difference has no poles by our choice of the
contour C’ in the definition (8.3). Therefore this difference must be zero.

8.12. Proof of Z=o© =1Id. Let V € O,,,(U,(Lg)). By definition (8.3) the operators
XE(2) act on =0 O(V) by the following

L Z G (e2m) T xE(w, \) do

827rw ?

Ci
2mv) —1 9(1) —v' + )\ ) + 2’ + 2mv’ I
/f,z—e%”” GV O(U—U)H()\)G ( )X (e ) dv'dv

Again we integrate with respect to v first, assuming C’ is contained in C, to get

Z + T’
7€/ P X; (62 ) (27me)do’

, the last expression equals

]{ - Xii(w)d_w = Xz‘i('z)
C

T2 — W w

Setting w = e2mv’

where C' = exp (2mC’).

9. CLASSIFICATION OF IRREDUCIBLES II: SUFFICIENT CONDITION

1. Classification theorem. Consider V € L -(g) an irreducible object. Let
i € b* be a weight of V such that V,,,, = 0 for every i € I. Choose €2 € V,
a non—zero eigenvector for {®;(u)};er. That is, there exists A = (4;(u)) € M(u)
(see Section 3.4 for definition of M(p)) such that ®,(u)Q = A;(uw)Q

Theorem.

1) For each i € I there exists N; € N, b(i),--- ,b@ € C, and a constant
1 N,
C; € C* such that

N;

1] O(u — b\ —(:)dih)
im1 Ou—1b;7)

(in particular p(ey)) = N; € N and hence p is a dominant integral weight).
We say that the data of such (u,b) is the l-highest weight of V, where

b= (b; = {0\, b }iex
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(2) Let V and W be two irreducible objects of Ly r(g) with I-highest weights
(1, b) and (v,c). Then V and W are isomorphic if, and only if p = v and

(1) — (@)

for every i € I there exists 0; € Sy, such that b, i (k) modulo A .

(3) For every (u, b) such that u € b* is a dominant integral weight and b = (b;)
where each b, is an unordered p(c)—tuple of complex numbers, there exists

an irreducible object V(u,b) of Eh, (g) of l-highest weight (u,b).

PROOF. (1) follows from Proposition 3.6 and Theorem 4.1.

(2): Fix a subset S C C as in Section 8.1. Using Propositions 3.6, 8.3 and
Theorem 8.6 we know that there exist (necessarily irreducible) representations
V., W e OX°(U,(Lg)) such that V and W are isomorphic to ©(V) and ©(W) re-

int

spectively. If [-weights of V and W are the same as stated in (2), then V and W
have the same Drinfeld polynomials and the result follows from the classification
theorem for irreducible representations of quantum loop algebras (Theorem 5.4).

(3): Now let (i, b) be as given above. Note that by (1) the data of [~highest
weight for an irreducible object of L -(g) depends only on the equivalence class of

b,(;) modulo A;. Thus we can assume without loss of generality that b,(;) e S for
eachi € Tand 1 <k < N; = pu(ay). Let V be the irreducible representation of
Uqy(Lg) of [-highest weight given by (u, {P;(w)}) where the Drinfeld polynomials
P; are given by
Py (w) = H (w _ e27rLb§CI))
k=1

Let Q € V), be the (unique up to scalar) highest weight vector. Thus the action

of the commuting elements {¥;(z)} on Q is given by

where B,(j) = exp (2mb§f)).

Now we have the following calculation for the action of ®,;(u) on €, using the
definition (6.2) and identity (2.1).

Ni D\, n —1 (i i n
we-T1 [ (11= (a22/80p" | @iz =0 '8 (7 1= (8 /a2l
k=1 ns1 1= (Z/ﬁ;(gl))p" Z— 1(;) ns1 - (ﬁ](;)/qu)

b
H +dih)
- —b)

Thus it only remains to show that V is irreducible. Assuming the contrary,
let Vi C V be a non—zero proper subspace which is stable under the action of
{®;(u), X5 (u, \)}. Then V; = =(V) is a non-zero proper subrepresentation of V
contradicting its irreducibility. 0
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9.2. Schur’s Lemma.

Proposition. Let V and W be two irreducible objects of Ly +(g). Then either V
and W are isomorphic, or Homg, (4)(V,W) = {0}.

Proor. By Corollary 8.4 we can assume that both V and W are in E%T(g). Let
©(A) : V— W be a morphism. Let Qy € V,, be the (up to a scalar) highest-weight

vector of V. For every i € I, let V; = p(c)) and let bgi), e ,bg\i,)i € S be such that

3

N; (i)
(I)i(u)VQV = H (k—(z))
k=1 0(u — by, )

Below we will just write A;(u) for the eigenvalue of ®;(u) on Qy.

Let us define Q(X) = ¢(A)(Qy) in W,,. According to the definition of morphisms
(see Section 2.3) we obtain the following two identities for each i € I:

O (u)wQ(\) = A;(u) QN + hay) (9.1)

xﬂ%MQQ—gw+%Q=o (9.2)

Recall that by Proposition 8.3 we know the following expression for X; (u, \)

acting on W
" [(O(u—a+N\)
+ = E R e SR IRALZAN '
xz (U, )\) = n' (e(u _ a/)e()\l)> 7,a,mn
neN

where the sum is finite and X;‘a_’n do no depend on the dynamical variable. Now we
can multiply equation (9.2) by (u — )™ and integrate over a small contour around
a to get that X annihilate Q(\) for all . Hence, for A\g € h* such that ¢()\g) is

ia,mn

defined on V,,, Q(A\g) € W, is annihilated by all the raising operators.

By irreducibility of W, if 1 is not the highest—weight of W, we get that ¢(\)Qy =
0. By Theorem 3.8, this means that ¢(\) = 0.

Now assume that the highest-weight of W is also p and let Qw € W, be the
unique (up to scalar) highest—weight vector of W. Thus we have a scalar function
@(A\) such that Q(\) = ¢(A\)Qw. Let us write B;(u) for the eigenvalue of ®,;(u)
acting on Qw. Then by (9.1) we get

P(N)Bi(u) = ¢(A + ha;) A (u)

Thus B;(u) = C;A;(u) for some C; € C*. We know from Proposition 8.3 that
C; = 1. This proves that V and W have the same [-highest weight, and hence
somust V = Z(V) and W = =(W). Let ¢ : V — W be the isomorphism in
O3 (U,(Lg)). Then 1 is also an isomorphism between V = ©()) and W = ©(W)

and we are done.

O
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9.3.

Corollary. Let V and W be two objects of Ly (g). Assume W is irreducible and
V # {0}. Let there be an injective morphism @(X\) : V. — W. Then p(\) is an
isomorphism.

PROOF. Again using Corollary 8.4 we can assume that V and W are in E%T(g). Let
V1 C V be a minimal (with respect to inclusion) non-zero subspace which is stable
under the action of {®;(u), X (u, \)}. Using Proposition 9.2 we know that either
©(A) restricted to Vi is zero; or Vi and W are isomorphic, via an isomorphism
which is independent of A. In the former case we contradict the injectivity of p(\).
In the latter case, let us use the isomorphism between Vi and W to identify the two.

This brings us to the situation where we have j : W C V as a subspace (stable
under the action of {®;(u), X (u, \)}) and p(\) : V — W such that ¢()\) restricted
to W is identity. In other words, )(\) = jop(A) is injective (being a composition of
two injective morphisms) and a projection (that is, ¥ ot = 1). Now it is a general
fact (also not so hard to prove) that an injective projection has to be identity, which
finishes the proof of the corollary.

O
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